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ABSTRACT

Pattern calculus is able to represent a fixed system of classes
by treating methods as pattern-matching functions, along
with a powerful account of both quantified types and of sub-
types. This paper adds class, and subclass declarations to
support an evolving class hierarchy. Even though method
meanings change as new classes are introduced, the prop-
erties of existing programs do not change. This provides a
common foundation for functional and object-oriented lan-
guages in which new functions can be defined on existing
data types and also new subclasses can inherit existing meth-
ods.

1. INTRODUCTION

Object-orientation is based upon the principle that each ob-
ject is responsible for its own behaviour. From a founda-
tional viewpoint, this is well understood from several direc-
tions, including the A-calculus [8], the object calculus [1] and
denotational semantics [7]. In practice, however, it is com-
mon for objects to share methods with other objects in the
same class. When some object u invokes a method m the
first step is to determine the class of u and use this to find
the code for m. Thus a method name is a function from
classes to terms. But what is the theoretical status of a
class? The dominant metaphor, among both theorists and
practitioners, is that a class is a type so that a method is
a function from types to terms. This describes type classes
[18] in functional programming rather well, since referen-
tial transparency allows the typecase to be resolved during
static type inference. The metaphor is less exact in object-
orientation, since dynamic dispatch requires a run-time rep-
resentation of classes. Unfortunately, this mixing of terms
and types creates its own burdens which have increased over
time. For example, the comprehensive nominal theory of ob-
jects with dependent types [19], allows terms built from types
and also a distinct type for every single object.

This paper advances a quite different approach to classes
and objects, based upon pattern calculus [13, 14, 12]. Pat-

tern calculus provides a new foundation for computation
that gives data structures the same weight as functions,
with their interaction mediated by pattern matching. In
particular, the constructors used to build data structures
play a fundamental role. In this framework, a class can be
identified with the constructor used to build its members so
that matching against this constructor is the test for class
membership. Methods are represented by pattern-matching
functions, with one case for each class in which the method
is declared. There is no obligation for a run-time notion of
class or type as the usual functions upon terms suffice.

A formal account of the static aspects of this approach have
already been developed in the monograph [12]. These in-
clude the mechanics of method invocation, typing and sub-
typing with respect to a fixed class hierarchy. It also de-
scribes the dynamics of class declaration in the program-
ming language bondi [2] that implements pattern calculus.
This material will be new to many readers as it never es-
caped from refereed workshops [15, 16] or technical reports
[17] into conferences or journals. Most reviewers requested a
more complete story, especially, a formal account of dynamic
dispatch. Thus, the novelty of this paper concerns the nature
of classes and their declarations but its significance is that
of the overall approach. Not only does it clarify and simplify
the foundations of object-orientation, but expressive power
is increased. In particular, it allows for the smooth inte-
gration of object-orientation with other programming styles
supported by pattern calculus and bondi, including higher-
order functions and generic queries. The standard example
of points and coloured points will serve to illustrate the ap-
proach, after which a more detailed statement of claims will
conclude this introduction.

Suppose that points in the class Point have two coordi-
nate fields z and y and that a coloured point in the class
ColourPoint also has a field for a colour z. A first attempt
may represent a mere point by the pattern Point (z,y) and
a coloured point by ColourPoint (z,x,y) but this represen-
tation hides the fact that coloured points are also points.
The representation of a point adopted here is

Point rest (z,y)

where rest matches against any additional fields the point
may have (recall row variables [21, 20]). In this style, the
pattern for coloured points becomes

Point (ColourPoint rest z) (z,y) .

Now a coloured point is a point so that inheritance of meth-



ods for points by coloured points is automatic. On the other
hand, a special case for coloured points will not apply to
mere points, since they have no colour. In other words, the
natural ordering of patterns can be used to represent the
class hierarchy, without any need for types. The approach
is equally able to handle method specialisation, by adding
cases to existing pattern-matching functions.

Interestingly, pattern-matching techniques can be used to
simplify the typing, too. In most class-based approaches,
such as Featherweight Java [11], each class also designates a
type, with subclassing translating directly to subtyping, so
that

ColourPoint < Point

must be added as an axiom when the class of coloured points
is declared. However, in pattern calculus, the type of a point
is

Point[R] = Point_type R

where R is the type of the additional fields, as represented
above by rest. Further, the type of a coloured point is

ColourPoint[R] = Point_type (ColourPoint_type R) .

That is, the type of a coloured point is the type of a point,
and this fact can be exploited by pattern matching on types.
It is convenient to define the type Point of all points by

Point = Point[Top]

where Top is the top type, and similarly ColourPoint =
ColourPoint|[Top| from which the type inequality above fol-
lows directly. Finally, the type of a mere point is

Point[] = Point[Unit]

where Unit does not support any fields. Also, the type of a
generic point is Point[X] where X is a type variable. There
is no need for self-types, as in PolyTOIL [4], just as there is
no need for a self parameter for terms.

This approach yields a simple, yet powerful type system that
resolves the difficulties that beset the typing of classes, as
itemised by Bruce [3, Chap. 3]. Here, in brief, are four
highlights.

In most type systems, subtyping and type variables do not
interact very well. For example, in Fsub, [5] and its suc-
cessors, such as Generic Java [10], the usual type quantifi-
cation VX.T' is generalised to a constrained quantification
VX < P.T in which the bound type variable X must be
instantiated by a type U that is a subtype of the constraint
P. In pattern calculus, such constraints are not required.
For example, consider the type

VX < Point. X — X .

In our type system, the inequality X < Point is solved if
and only if X is of the form Point[Y] for some Y. Hence
the inequality above is equivalent to

VY.Point[Y] — Point[Y]

which does not require a constraint.

Second, a persistent difficulty when combining type vari-
ables and subtyping is that type inequalities, unlike type

equations, do not admit of most general solutions. More
precisely, if function types are contravariant in their argu-
ment types then the type inequality X — X < S — T is
equivalent to

S<X<T

so that there is no best solution among the range of possi-
ble values for X. The answer is to make function argument
types invariant under subtyping. This would make no sense
when data types are encoded as function types, as in Sys-
tem F [9], but is perfectly natural when data types such
as Point[X] have an independent existence. The canonical
type for a method that acts on points is of the form

Point[X] —» T

When it is invoked by some point of type Point[R] then it
is enough to substitute R for X; no subtyping is required.

Third, it is easy to discriminate different sorts of methods
by their typing. For example, a point method that returns
a point has a variety of possible typings, including

Point[X] — Point[X]
Point[X] — Point
Point[X] — Point]|

according to whether it produces a point of the same type
as its argument, or an arbitrary point, or a mere point. The
possibilities multiply when considering binary methods.

Fourth, there is no need for typecasts. Suppose that a point
method has type

Point[X] — List Point

so that it produces a list of arbitrary points. A special case
for coloured points may have the type

ColourPoint[Y] — List (ColourPoint[Y])

if it produces a list of coloured points. By contrast, in Java-
like languages, the return type would have to remain un-
changed, with a type cast being used to convert the result-
ing points to coloured points. IN the pattern calculus with
classes, to add a special case of type P — S to a default
of type Q@ — T it is enough that any unifier of P and Q
provides a solution of S < T'. No type casts are required.

Having briefly covered the statics, of constructors, pattern
matching and typing, it is time to consider the new material
on classes and the dynamics of their declarations.

Two related treatments are developed. The pattern calcu-
lus with methods accounts for the shifting meaning of meth-
ods as they are specialised, with classes playing a passive
role. The pattern calculus with classes emphasises classes
over methods, with classes forming a hierarchy, as in Java.

In the pattern calculus with methods, a class is of the form
c{m:; =pi — Si}i=1..n

where c is the class constructor and each method declaration
m; = p; — s; adds a new case p; — s; to the meaning of m;
which has pattern p; and returns the body s; after successful
matching. Once the methods have been specialised, there
is no need to retain the class. The main reason for having



the class is to ensure behavioural continuity, i.e. that new
class declarations cannot change the behaviour of existing
objects. This is enforced by requiring each pattern p; to
contain the class constructor c.

For example, a class of points may be given by

Point {
distance = Point rest (z,y) — sqrt(z*z +y * y);
is_good = Point rest (z,y) — = > 0.0}

while a class of coloured points may be given by

ColourPoint {
is_good = Point (ColourPoint rest z) (z,y) —
z ==red}

Note that fields are not mentioned separately, but appear as

the arguments of the constructors Point and ColourPoint.
Also, the class of coloured points in not defined to be a sub-
class of the point class. The inheritance of distance and
specialisation of is_good are handled by pattern matching.
This makes for a very simple calculus. It is also quite expres-
sive, since it allows any method to be specialised, irrespec-
tive of the class in which it was first declared. That said,
the great freedom in pattern construction makes evaluation
rather inefficient.

In the pattern calculus with classes a class declaration takes
the form

c<d{(fi);mi = s}l
It declares that the class c is a subclass of d, with fields
f; being variable names, and methods being given by their

bodies. For example, the class of points and coloured points
above can be re-expressed as

Point < Object {
(z,9);
distance = sqrt(z *z + y * y);
is_good =z > 0.0}

ColourPoint < Point {
25
is_good = z ==red} .

In this calculus, each class has a canonical pattern used in
pattern matching. For points and coloured points they are
the patterns appearing in the declarations of their methods
in the pattern calculus with methods above. Now evaluation
can be managed using a store that is organised as a tree of
classes, in the more familiar manner.

After this brief overview, the many benefits of the approach
can be stated. They fall into two main categories, namely,
simplicity and expressiveness that will be addressed in the
paper that follows.

Here are six sources of simplicity. First, an object is a
data structure whose structure reveals its class, and whose
data describes its fields. There is no need for records, or
A-abstractions or a separate concept of self. Second, the
internal structure also describes the relationship between
classes, in that a coloured point really is a point. Simi-
larly, a type of coloured points really is a type of points.
Third, the type system is familiar from standard functional

programming. There is no need for record types, or bounded
quantification or self-types. Fourth, subtyping is driven by
the nature of the top type. The usual questions about co-
versus contravariance [6] are resolved by making function
argument types invariant under subtyping, and instead re-
lying upon type unification to align argument types. Fifth,
the usual constraints upon the typing of method specialisa-
tion have been weakened, so that there is no need for type
casts. Sixth, there is clear separation between the rules for
pattern matching, derived from the referentially transparent
pattern calculus, and the rules for invoking methods, whose
dynamic dispatch and implicit self-reference are mediated
by the store. The latter support behavioural continuity.

Here are four sources of expressiveness. First, simplicity
is itself a source of expressive power. For example, it is
easier to express method specialisations under the weaker
constraints. Second, the pattern calculi with methods or
classes contain the pattern calculus within them, so that it
supports the higher-order functions familiar from A-calculus,
and also the new forms of polymorphism supported by pat-
tern calculus. Third, it follows that one may freely combine
techniques from functional programming, query programing
and object-oriented programming in a single term or pro-
gram. Fourth, the definitions of new types or classes and
of new functions that act upon them may be interleaved at
will, thus solving Wadler’s expression problem. In particu-
lar, since objects are data structures, new pattern-matching
functions may be defined upon them at any time.

The structure of the paper is as follows. Section 1 is this
introduction. Section 2 reviews some basic pattern calculus
including path polymorphism. Section 3 uses this to sup-
port an adaptive printing program. Section 4 introduces
the pattern calculus with methods. Section 5 shows how
bondi’s algebraic data types can be used to specialise exist-
ing functions, by inheriting and adapting arithmetic func-
tions to complex numbers. Section 6 defines behavioural
continuity and shows it to be a property of the pattern cal-
culus with methods. Section 7 reviews the type system,
proves that evaluation preserves typing, and that extrane-
ous classes do not affect the typing of a term. Section 8
introduces subclasses and shows that the resulting calculus
can be translated into earlier one. Section 9 provides exam-
ples of object-oriented classes in bondi, to represent points
and coloured points, circles and coloured circles. Section 10
proves that the pattern calculus with classes is modular, in
the sense that unrelated class declarations can be permuted.
Section 11 reviews the approach to subtyping. Section 12
draws conclusions.

Acknowledgements. Thanks to Thomas Given-Wilson and
Jens Palsberg for their constructive comments upon drafts
of this paper.

2. PATH POLYMORPHISM

This section introduces a simpler, static version of the ez-
tension calculus introduced in the monograph [12] with its
path polymorphism. Path polymorphism supports a generic
approach to divide-and-conquer algorithms. In more detail,
every data structure is either an atom or a compound. Fur-
ther, all compounds can be represented by a single pattern



of the form

Ty

whose variables x and y can be bound to its components,
just like car and cdr in Lisp. This is more general than the
standard approach in which pattern-matching is conceived
of as a means of querying algebraic data types, since then
patterns must be headed by the constructors of the type
under consideration.

There are two, disjoint sorts of symbols: the variables for the
terms (meta-variables x,y, z) which are given values during
pattern matching, the constructors (meta-variable ¢) used to
build data structures. Particular constructors may be writ-
ten in typewriter font with a leading uppercase letter. For
example, the constructor Nomatch will be used to indicate
match failure.

The syntax for the terms (meta-variables 7, s,t,u) and pat-
terns (meta-variables p, q) is given by
t =
p u=

x| c| tt | potlt
z|cl|pp.

The terms are given by variables, constructors, applications
and extensions, respectively. We may write p — s for p —
s | Nomatch. The patterns p are either variables, constructors
or applications. Definitions of free variables etc. for patterns
are just as for terms.

The sole reduction rule is

(p—s|7r)u—A{u/p}s(ru

which is to be understood as follows. If the match {u/p}
of p against w is successful and produces some substitution
some o then the result is os but if the match above fails
and yields none then the result is 7 u. The delicate point
in matching is to determine of an argument that is an ap-
plication whether it is reducible or not, since reduction may
affect its matching. If it is headed by a constructor then it
is a compound and ready for matching else matching may
have to be suspended until the application is sufficiently re-
duced. Details can be found in prior work [12, Part I] and
will be revisited when considering values in Section 4. For
example, consider the extension

Cons x y — = | Nomatch

that produces the head x of a list Cons x y if it has one, and
fails otherwise. When applied to Cons 3 Nil it reduces to

{Cons 3 Nil/Cons z y} = (Nomatch (Cons 3 Nil))
= some {3/z,Nil/y} = (Nomatch (Cons 3 Nil))
= {3/z,Nil/y} z=3.

When this extension is applied to Nil then matching fails
and the result is Nomatch Nil. That Nomatch is a construc-
tor means that match failure can be handled by pattern-
matching.

The resulting rewriting system has the usual good proper-
ties. In particular it is confluent. Also it is referentially
transparent, in that the meaning of a term is determined by
the context in which it is declared.

3. PRINTING IN BONDI

In bondi, printing of values is mediated by a path poly-
morphic function toString. Here is a first attempt, using
syntax that is reminiscent of ML.

let rec (toString0: a -> String) =
| x y -> (toString0 x) ~ " " ~ (toStringl y)
| x -> prim2string x

let (print0: a -> Unit) x = printstring (toString0 x)

The first declaration asserts that toStringO is a recursive
function of type a -> String. That is, it will accept an
argument of any type a and produce a string. It has two
cases: if the argument is a compound then concatenate the
strings of the components, separated by a space. If the ar-
gument is not a compound then use the primitive operation
prim2string. Then printO prints the string of its argument.
For example print0 3 prints 3 and printO(Pair 3 4.4)
prints Pair 3 4.4.

Now the usual display of pairs employs an infix comma, as
in (3,4.4). This can be achieved by adding a new case to
the function toString0. In a referentially transparent style,
this requires a new function toStringl given by

let rec (toStringl: a -> String) =
| Pair x y => "(" ~ (toStringl x) ~ ","
~ (toStringl y) ~ ")"
| x y -> (toStringl x) -~ " " ~ (toStringl y)
| x -> prim2string x

However, the value of print0(Pair 3 4.4) will not change
since it refers to the original function toString0. Rather,
one must define a new print function print1 that uses the
new function toStringl.

This quickly becomes tedious, requiring, in effect, a separate
print function for each new type, which must be combined
by hand on each occasion. The Haskell solution is to adopt
type classes and monads. The effect of this is to make pro-
gramming dependent upon the type and class system which
complicates both the syntax and the evaluation. Note, how-
ever, that printl operates without reference to types or
classes, as the pattern-matching machinery is able to recog-
nise a pair from its internal structure. All that is required
is the ability to add a case to an existing function, as fol-
lows. Define toString and print just as for toString0 and
print0 except that the keyword rec has been changed to
ext, for dynamic extension.

let ext (toString: a -> String) =
| x y => (toString x) =~ " " ~ (toString y)
| x -> prim2string x

let (print: a -> Unit) x = printstring (toString x);;
As before, print (Pair 3 4) prints Pair 3 4. However,

such an extensible function can be extended by a case for
pairs

toString += | Pair x y -> "(" ~ (toString x) ~ ","
~ (toString y) ~ ")"



after which the program print (Pair 3 4) prints (3,4).
That is, the meaning of both toString and the function
print have been modified dynamically.

It is harder to reason about programs when their elements
may change meaning dynamically but this can be managed
in various ways. The main technique developed in this paper
is to limit such dynamic extensions to the declaration of new
types and classes. In the example above, the special case of
toString for Pair will be introduced at the same time as
the constructor Pair in a class declaration.

4. CLASSES

This section adds method invocations and class declara-
tions to the static extension calculus. As methods evolve, a
method store is used to keep track of them, and evaluation
is given by a structured operational semantics.

To the variable symbols and constructor symbols are added
the method names or methods (meta-variables m,n). Class
declarations will bind constructor names but method names
will never be bound.

The syntax for the terms (meta-variables r, s, t, u), patterns
(meta-variables p, q) and classes (meta-variable cl) is given
by

t u= x| c|tt | p—otlt | tm | cst
p =z |c|pp
cd == c{m=p—t}.

The new term forms are the invocations and class declara-
tions respectively. A declaration ¢{m; = p; — Si}i=1..n
introduces the constructor ¢ and makes the method decla-
rations m; = p; — s;. The bar notation m = p — s is used
when the precise indexing is immaterial.

The free variables fv(—) of an expression are a set of variables
defined by

fv(z) {z}

fv(c) = {}

fv(iru) = fv(r)Ufv(u)
fvp—s|r) = (fu(s)\fv(p)) Ufv(r)
fv(t.m) = fv(¢)

fvic({m=p—=sht) = (W{m=p—s}) Ufc(t))
fv({m; = pi — si}) U, fv(si) \ fv(pi)

A term is closed if it has no free variables.

The free constructors fc(—) of an expression are a set of
constructors defined by

fC() {}
fe(e) = {¢}

fc(ru) = fc(r)Ufe(u)
fcp—s|r) = fc(p)Ufe(s)Ufe(r)
fe(t.m) = fe(t)

fe(ce{fm=p—=s}ht) = (fc({m=p—=s}) Ufc(t))\{c}
fc({mL =p; — Sl}) L_JZ fC(pi) @] fC(Si) .

A term ¢ avoids a constructor c if ¢ & fc(t).

Given the notion of free variables and free constructors then
a-conversion with respect to bound variables and construc-

tors is defined in the obvious manner. In particular, a-
conversion will be used to disambiguate constructors during
evaluation. Pattern syntax is well-formed if no free variable
occurs more than once. A class is well-formed if its con-
structor is free in the pattern of each declared method. This
will be crucial to establishing behavioural continuity. We
restrict attention to well-formed patterns and classes from
now on.

Since the meaning of a method name varies dynamically,
a store is required to keep track of the shifting meanings,
and an operational semantics must determine the evaluation
order. In this calculus, the store will be indexed by method
names, so that all the special cases for a single method will
be kept together. This is simple but inefficient. Later, we
will index by classes.

Evaluation produces values (meta-variable v) which are ei-
ther extensions or data structures (meta-variable vq). They
are given by closed terms of the form

vg = ¢ | vav
v ou= wvg | p—osft.

A method store (meta-variable M) is given by a function
from method names to values. Method names that are not
being used will be mapped to the constructor Nomatch. The
free constructors fc(M) of M are given by the union of all
the free constructors of the values in its range. Given a
class ¢{m; = pi — Si}i=1...n. where c is not free in M then
the store M, ¢{m; = p; — $;}i=1...n is given by the function
that maps m; to p; — s; | M(m) for 1 < ¢ < k and otherwise
behaves like M. Note that a-conversion of a class declaration
cl;t can be used to ensure that the class constructor is not
free in M.

A program is a pair (M;t) of a method store M and a term t.
The operational semantics is given by the evaluation relation

(M; t) = (M;v)

defined in Figure 1, by induction on the structure of the
term closed term ¢.

Note that evaluation does not get stuck since there is an
evaluation rule applicable for each sort of closed term. Fur-
ther properties of evaluation are considered in the Section 6.

S. ALGEBRAIC DATA TYPES IN BONDI

The modification of toString to handle pairs in Section 2
was reckless since it changed the existing behaviour of the
function. A safer approach is to modify toString at the
point where pairs are introduced, as follows.

datatype Binprod x y

with toString +=

| Pair x y -> "(" ~ (toString x) ~ ","
" (toString y) ~ ")"

= Pair of x and y

The effect is the same as before, but now the meaning of
toString is modified before there is any chance to apply
it to some pair: only the declaration of Pair has authority
to modify the meaning of toString on pairs. Further, the



(M; ¢) = (M;c)

(M;7) = (M50q)  (M5u) = (M”;02)
(M;r u) = (M";vq v2)

(M;7) = (M'sp — slt)

(M3 u) = (M";02)

(M3 {va/p}s (t v2)) = (M";v3)
(M;r u) = (M";v3)

(M;p — s|r) = (M;p — s|r)

(M;u) = (M;01)  (M;M/'(m) v1) = (M”;v2)
(M; u.m) = (M";v2)

(M, cl; t) = (M';v1)
(M;cl;t) = (M';01)

Figure 1: Evaluation

bondi interpreter is able to detect unsafe modifications. For
example the unsafe declaration

datatype Foo = Bar
with toString += (* unsafe extension! *)
| Pair x y -> "(,)"

produces the following error message

Bar: Foo
error: added cases must use a new constructor .

Commonly, there is no need to write special cases for path
polymorphic functions since their default behaviour is cor-
rect. However, it is possible to do so if required. This can
be illustrated by considering the arithmetic of complex num-
bers, whose addition can be inherited, but whose multipli-
cation requires a special case.

Suppose given operations plusint and plusfloat for adding
integers and floats. Then a generic addition can be defined
by

let ext (plus : a * b -> a) =

| ((x:Int),(y:Int)) -> x plusint y

| ((x:Float),(y:Float)) -> x plusfloat y

| (x1 x2,y1 y2) -> plus (x1,y1) (plus(x2,y2))

| (x,y) -> if x eqcons y then x else Exception "plus"

B

It adds pairs of integers or of floats in the usual way, and
uses path polymorphism to add corresponding components
of compounds. The last case checks constructors for equal-
ity. Note that the arguments must be allowed to have differ-
ent types since compounds of the same type may have dif-
ferently typed components. However, this can be repaired
by defining the infix operation + by

let ((+): a -> a -> a) x y = plus(x,y)

The same process can be used to define a generic minus and
its infix form - and times and its infix version *.

Now complex numbers can be declared using

datatype Complex = Cart of Float and Float
with toString += | Cart x1 x2 -> (toString x1) ~
"+i" ~ (toString x2)
and times += | (Cart x1 x2,Cart y1 y2) ->
Cart ((x1 * y1) - (x2 * y2))
((x1 * y2) + (x2 * y1))

For example, if z is Cart 0.0 2.0 then z+z prints 0.+i4
and z*z prints -4.+10. Thus, addition is inherited but the
printing and multiplication have been specialised.

6. BEHAVIOURAL CONTINUITY

The use of a store during evaluation makes it harder to rea-
son about programs. One of the goals of a class-based ap-
proach is to support reasoning that operates at the level of a
single class, or several related classes. That is, method spe-
cialisation should not impact upon the behaviour of objects
that belong to pre-existing classes; their behaviour should
exhibit a form of continuity. The first step is to formalise
behaviour, and then consider how to localise it to a partic-
ular class.

A context C[—] is a closed term with a hole in it, as usual.
Define a property to consist of a store M and a context C[—].
A closed term t has a property (M;C[—]) if (M;C[t]) is a
program and there is a store M’ such that

(M; C[t]) = (M'; True)

where True is a given constructor representing truth. The
behaviour of a program is the collection of its properties.

Given closed terms s and ¢, say s is refined by t, written
s<t

if every property of s is also a property of ¢. Also s and ¢
are behaviourally equivalent, written s = t if s is refined by ¢
and ¢ is refined by s. While this is a natural approach, it is
too strong for our purposes as s may have default properties
that happen to apply to all constructors, whether appearing
in s or not. For example, if some method m is bound to the
constant function x — True and a class ¢ specialises m to
¢ r — False then the new value of m is not a refinement of
the old value since the latter has a default behaviour which
happened to apply to c¢. So the order must be modified to
exclude such possibilities. Define a property (M;C[—]) to
avoid a constructor c if ¢ is not free in either the store M
or the context C[—]. Now define ¢ to refine s apart from c,
which is written s <. t if ¢ € fc(s) and any property of s
that avoids c is also a property of t.

The goal is to show that the calculus is behaviourally con-
tinuous, i.e. that whenever a class with constructor ¢ adds a
special case for a method, that the new method value refine
the old value apart from c.

LEMMA 6.1. If a pattern p matches against some term u
then fc(p) C fe(u).



ProoF. Straightforward induction. O

LEMMA 6.2. Let ¢ be a constructor and p — s | r be a
term. If c is free in p but not free in r then

r<.p—s|r.

PRrROOF. Consider a property (M; C[—]) of r which avoids
c. Without loss of generality, the context merely applies its
argument to some term u. Hence (M;(p — s | r) u) has the
same value as (M; C[r]) by Lemma 6.1. O

THEOREM 6.3 (BEHAVIOURAL CONTINUITY). Lett be a
term which avoids the constructor ¢ of some class cl. Then

t<ccl;t.

ProOF. It is enough to consider a context which merely
invokes some method m. Now apply Lemma 6.2.

O

7. SPECIALISING QUANTIFIED TYPES

The technique for typing method invocations and classes is
based on that for typing extensions [12, Part II] which will
be reviewed first.

The type system itself is fairly standard. There are two
classes of type symbols, the type variables (meta-variables
X,Y and Z) and the type constants (meta-variables C' and
D). To each constructor c is associated a distinct type con-
stant C. which may be denoted ¢ when there is no risk of
confusion. The types syntax is

T:=X | C |TT | T—-T | vX.T

consisting of variables, constants, applications, function types
and quantified types, respectively. For example, the function
for computing the tail of a list has type

VX.List X — List X .

if List is the type constant for lists. The usual machinery of
free type variables fv(T'), a-conversion, etc. hold. The most
general unifier of types S and T is denoted {S = T'}.

Consider an extension of the form p — s | r where p : P
and s: S and r : R. In conventional treatments, every case
of a pattern-matching function must have the same type,
enforcing that P — S = R. However, many of the examples
introduced earlier do not satisfy this requirement. For exam-
ple, addition has types Int*Int — Int and Float*Float —
Float as well as types for adding pairs, lists etc. Of course,
there is no chance of confusion here, since the type of the
argument will disambiguate the alternatives. The central
principle is that a special case of type P — S can be added
to a default of type R if no type ambiguity can result. For
example, if R is @ — T then it is enough that any unifier of
P and @ also unifies S and T'. That is, if they have a most
general unifier {P = @} then

{P=Q}S={P=0Q}T

while if they have no unifier at all then no ambiguity is
possible. When this property holds then P — S and Q — T
are similar, denoted

P—-S~Q—T.

A further constraint is to ensure that term matching guar-
antees type matching. This requires that patterns take their
most general types. However, the typing of the body s of
the case may exploit knowledge that P and @ are the same.
Leaving out the contextual information, the rule for typing
extensions is thus

p:P s:T r:Q—1T

p—s|r:Q—T v={r=0}

A fuller account of this is in the monograph [12][Part II,
Chap. 12]. For the example of addition, there is a single
type X *Y — X which relates to the types of all the special
cases in our examples.

When classes are introduced, it can easily happen that the
same method name is used in totally unrelated ways. In this
case, there is no most general type R. Rather, the types
of the different cases must be combined into a choice type
as follows. First, each alternative has a type of the form
VX1.VXs..... VX,.P — S where X1,...,X, consists of the
free type variables of P. Such a basic method type may be
written VA.P — S where A is Xi,...,X, or be written
P = S. A general method type is of the form

M=P=5&P=5%&... &P =5,

where P; — S; = P; — S; for all 1 < i < j <n. The type
constant & is written infix for convenience. Now the rule
for typing an invocation is

w:U m:M
u.m: UM
where the type invocation U.M is defined as follows
u(P=5S) = {U/P}S
UP=S&M) = U(P=1S5) if defined
UP=S5S&M) = UM otherwise

where {U/P} is the type match of P against U that, if de-
fined, produces a substitution mapping P to U as usual.

The rule for typing a class declaration cl; ¢ will use the class
to modify the context in which ¢ is typed, by specialising the
types of the methods. Thus, a type context I' is a mapping
from variables and method names to types. Given two such
contexts I' and B with disjoint domains, define I" 4+ B to be
their union as functions. Also, define

''m:P=S

as follows. If m is not in the domain of I'" then simply add
the mapping of m to P = S to I'. Otherwise, overwrite the
existing mapping of m to yield P = S & I'(m). The typing
rule for a method specialisation is then
I'm:P=SkFp—-s:P=S5
'tm=p—>s:P=S

P = S~T(m)

More generally, the typing rule for a class will add all spe-
cialised types to the context simultaneously, to support mu-
tual recursion between method declarations.



z: XkFox: X

c: VAT,
Fe:T.

v = {Pl =P — X}
fV(B1) N fV(Bz) = {}
X fresh

Bl |_0p12P1 BQ |_0p22P2
'U(Bl,BQ) |—0 pP1 p2: UX

Figure 2: Typing Patterns

The syntax of the typed pattern calculus with methods is the
same as that for the pattern calculus with methods except
for two things. There is now a fixpoint operator fix with
the usual semantics. Also, the class syntax, which now has
the form

C{mi =p; — 8 : P = Si}i:l...n

where the method declarations are required to have explicit
types. Further, the type P; must contain the type constant
C. associated to c. These types do not play any role in
evaluation.

The type derivation rules for the patterns and terms of
the typed pattern calculus with methods are given in Fig-
ures 2 and 3. Each constructor symbol has a given type
VA.T. where T, is not a quantified type and avoids Top.
[The latter restriction is not strictly necessary, but it does
minimise the use of subtyping]. The judgement I' g p : P
asserts that the pattern p has type P in the context I'. The
rules are set up so that every pattern takes it most general
type. This ensures that term matching implies type match-

ing.

Just as method specialisation runs the risk of altering pro-
gram properties during evaluation, so there is a risk of cor-
rupting the types of existing programs. However, the re-
strictions on the possible types of specialisation ensure that
this cannot happen. Note that evaluation of a class declara-
tion cl;t shifts the class information to the store but this is
necessary for the typing of t. To show that evaluation pre-
serves typing, it is convenient to modify the store so that it
keeps the types of method declarations, even though these
will play no role in the evaluation. To each such method
store M is associated a type context I' = |M| which keeps
this type information while discarding the terms. Also, de-
fine a derivation I' - ¢ : T to avoid a constructor c if ¢ is not
free in ¢t and C. does not appear anywhere in the derivation.

THEOREM 7.1. Consider an evaluation (M;t) = (M';v).
If there is a type derivation |M|F t : T then there is a type
derivation

IM'|Fov:T.

PRrROOF. The proof is by induction upon the structure of
the evaluation. It adapts the proof of [12][Theorem 12.4]
to handle method invocations and class declarations. The
former are similar to applications of extensions. For the
latter, it is enough to observe that

|[M,e{m=p—s:P=S}=|M|,{m: P=S}.

Ne:Tkx:T

c: VAT,
I'tc: VAT,

'cr:U—S TI'tu:U
'tru:S

I'kr:Q—T Btop:P v(I'+B)Fs:uT v =
Fkp—os|r:Q—T {P=0}

THt:VX.T
THt:{U/X}T

'et:T

rrivxr ~EMD

FHfix: (T —-T)—T

I'kFu:U
't um: U (m)

L,{m;:P,=Si}Fpi—si:P=SF pP=S3,

Pke{mi=pi—s:Ph=S:}t:T

Figure 3: Typing

THEOREM 7.2. Ifthere is a derivation of I' F ¢l and also a
derivation of Tt : T that avoids c then there is a derivation
of Tkcl;t:T.

PrOOF. The proof is by induction upon the structure of
the typing of ¢. The only case of interest is when ¢ is an
invocation u.m where u : U and m has a special case p —
s: P = Sin c. Now C. is free in P but not free in U so
U.(P = S & I'(m)) = U.I'(m) which yields the result. O

8. SUBCLASSES

Although the pattern calculus with methods has behavioural
continuity, it has some serious practical limitations. First, it
is not modular, as the order in which classes are declared may
affect behaviour. Second, evaluation is rather inefficient as
method invocation will check many useless cases. Third, the
store does not “compile” classes independently, but modifies
the value of each method that a new class specialises.

The primary limitation is illustrated by an example. Sup-
pose that method m is specialised by (c,z) — True in class
c and by (y,d) — False in class d. Now the value of (¢, d).m
depends upon the order in which the cases are considered.



This problem can be avoided by constraining the patterns
of methods so that the class constructor appears in a spec-
ified position, so that (y,d) — False is not well-formed as
a method declaration. This is reminiscent of the problems
associated with binary methods.

The solution is to create a class hierarchy. Classes are re-
placed by subclasses of the form
cli=c<d{(f;);mi =8}

n

Now a class c is introduced as a subclass of some existing
class d. Note that while ¢ is bound by the declaration, the
constructor d is free here. The top of the hierarchy is a given
constructor Object. Also, (f;) is a tuple of variable names
that represent the fields of the object, while the sequence
m; = s; is of method declarations. The subclassing ¢ < d
and the fields are used to build the canonical pattern p.
for an object in the class, so that a method specialisation
m; = s; here behaves like the special case m; = p. — s;
in the pattern calculus with methods. For example, the
canonical pattern for the point class in Section 1 is

Point rest (x,y) .

The general approach to building the canonical pattern p.
for a class c is as follows. To each class c is associated a list
of tuples of the field names, listing all of the fields required
to build an object. It is given by

fdss(Object) = Nil
fdss(c < d{(f;);...}) = Cons (f;) fdss(d) .

Then a new object of class c is given by

new Object rest Nil = O0Object rest Un
new c rest (Cons fds fdss) = newd (crest fds) fdss

where d is the parent class of ¢. Now the canonical pattern
for a class c is given by

pe = new c rest (fdss c)

where the variable rest is reserved for this purpose.

Conversely, the class class(v) of a data structure v is defined
by

class(c vy v2) = class(vp) if this is defined
class(c v1 v2) = c otherwise
class(v) = undefined, otherwise

Also, the classes cl(t) of a term t is a set of class constructors
required as parents for class declarations in t. It is defined
by

cl(x)
cl(c)
cd(ru) =
cdip—s|r)
cl(u.m)

ce<d{...};t) = {d}u(c®)\{c}).

The store is now given by a tree of class declarations, which
may be denoted as a sequence. The classes cl(M) of the
store is given by adding Object to the set of classes declared
in M. A program is a pair (M;¢) in which cl(t) C cl(M).

The operational semantics are based on those of the pat-
tern calculus with methods, except that the rule for method
invocation is now

M;u) = (M;v) M@wm)=s (M;s)= (M";v2)
(M;u.m) = (M";v2)

Here M’(v.m) identifies the class ¢ of v in M’ and then finds
the smallest superclass d of ¢ in which the method m is
specialised by some m = s. The result is given by {v/pa}s.

THEOREM 8.1. There is a translation of the pattern cal-
culus with classes into the pattern calculus with methods that
preserves evaluation.

PRrOOF. The translation is as described above. The proof
that it preserves evaluation is by induction. O

Thus, the raw expressive power of the class hierarchy is con-
tained within the pattern calculus with methods. However,
the class hierarchy does support modularity, as will be shown
in Section 10.

9. OBJECT-ORIENTATION IN BONDI

Classes in bondi are essentially the same as those of the
pattern calculus with classes but there are several small dif-
ferences. The fields are represented as a sequence separated
by semi-colons. The method bodies are enclosed in braces.
Also, fields are stateful, i.e. given by assignable references
which are usually accessed by get- and set-methods. Fur-
ther, the result of invoking a method is required to be a
function. The unit value Un may be represented by (). The
variable this is bound to the canonical pattern. Similarly,
a pattern such as (z : Point) may be read as a type restric-
tion, that z be a point but is actually shorthand for binding
z to the canonical pattern for a point. Let us revisit the
canonical examples of points and coloured points.

class Point {

x_coord : Float;

y_coord : Float;

get_x_coord = { [ () -> !this.x_coord }
set_x_coord = { fun d -> this.x_coord = d }
get_y_coord { 1) -> !this.y_coord }
set_y_coord = { fun d -> this.y_coord = d }
is_good = { this.get_x_coord() >= 0.0 }

with toString += | (z:Point) ->
"{x=" " (toString (z.get_x_coord())) ~
",y=" "(toString (z.get_y_coord())) ~
n}u
}

It has the usual get and set methods for its fields, the x- and
y-coordinates, and a simple predicate is_good which will be
specialised later. It also adds a case for the extensible func-
tion toString. Note that toString is a path polymorphic
function, not a method; there is no difficulty in combining
the functional and object-oriented styles. Here is an example
of its use.

~“” let pt = new Point;;
pt: Point[]

pt = {x=_void,y=_void}
~” pt.set_x_coord 5.5;



pt.set_y_coord 2.2;
pt;;

it: Point[]

it = {x=5.5,y=2.2}

A new point has type Point [] being the type of a mere point
with no additional fields.

It is an elementary matter to define new functions that act
on points. For example, here is a new function for computing
the distance between points:

distanceto = | (ptl:Point) -> | (pt2:Point) ->
let x_diff = ptl.get_x_coord() - pt2.x_coord() in
let y_diff = ptl.get_y_coord() - pt2.y_coord() in
sqrt (x*x + yxy)

This illustrates the solution of the expression problem.
Now consider some colours

datatype Colour = Colour of Int

with toString += | Colour x ->
(I 1 -> "red"

| 2 -> "green"

| 3 -> "blue"

| y => "Colour "~ (toString y))
X

let red = Colour 1;;
let green = Colour 2 ;;
let blue = Colour 3;;

and a class of coloured points

class ColourPoint extends Point {
colour : Colour;
get_colour = { |() -> !this.colour }
set_colour = { fun x -> this.colour = x }
is_good = { |() -> this.get_colour() == red;;
with toString += | (z:ColourPoint) ->
"{x=" " (toString (z.get_x_coord())) ~
",y=" ~(toString (z.get_y_coord())) ~
",colour=" ~(toString (z.get_colour())) ~
"}II
1}

For example,

~“” let cpl = new ColourPoint;;

cpl: ColourPoint[]

cpl = {x=_void,y=_void,colour=_void}
“~ cpl.set_x_coord(-2.2);
cpl.set_y_coord(3.3);
cpl.set_colour(red);

cpl;;

it: ColourPoint[]

it = {x=-2.2,y=3.3,colour=red}

“” cpl.is_good;;
it: Bool
it = True

The type ColourPoint]] is the type of a mere coloured point.
It is not a subtype of Point]| since a coloured point is not
a mere point, but it is a subtype of Point which will be the
type of arbitrary points.

Coloured circles will be used to illustrate the expressive
power of method specialisation: the method for getting the
central point will be specialised to coloured circles, so that
the centre is made to take the colour of the circle, even
though the point at the centre may have already had a
colour. Define a class of circles by

class Circle {

centre : Point;

radius :Float;

get_centre = { |() -> !this.centre }
set_centre = { fun x -> this.centre = x }
get_radius = { | () -> !this.radius }
set_radius = { fun x -> this.radius = x }

}
and a class of coloured circles

class ColourCircle extends Circle {

col : Colour ;

get_col = { | () -> !this.col }

set_col = { fun x -> this.col = x }

get_centre = { | () ->

let res = new ColourPoint in

res.set_x_coord ((super.get_centre()).get_x_coord());
res.set_y_coord ((super.get_centre()).get_y_coord());
res.set_colour (this.get_col());

res }

}

In this sub-class, the method get_centre now produces a
coloured point, irrespective of whether the point at the cen-
tre has a colour. For example,

let x = new ColourCircle in
x.centre = cpl;

x.col = blue;
(!x.centre,x.get_centre());;

shows that get_centre generates a fresh (coloured) point.
The type of the default for get_centre is

Circle[a] -> Unit -> Point
while the type for its specialisation is
ColourCircle [b] -> Unit -> ColourPoint

Note that the type of the specialisation is not similar to
that of the default, since ColourPoint is a proper sub-type
of Point. Rather, the latter method type is a specialisation
of the former since any substitution that relates the types
ColourCircle [b] and Circlela] solves the inequality

Unit -> ColourPoint < Unit -> Point.

The underlying theory will be recalled in Section 11.

10. MODULARITY

As the canonical patterns associated to classes are com-
pletely determined, the order in which classes are declared
makes no difference to program properties, provided that
super-classes are declared before subclasses. This is for-
malised in Theorem 10.3 after establishing some basic prop-
erties about the patterns involved.



Define the compatibility p || q of patterns p and ¢ by

r|lqg = true
pllz = true
clle = true
pip2|lar g2 = piflqandps | g
pl|lq = false, otherwise.

LEMMA 10.1. Patterns p and q are compatible if and only
if there is a term u that p and q both match.

ProOOF. Straightforward. O

LEMMA 10.2. If patterns p and q are incompatible then

q—t p—s
lp—s =~ |g—t
| 7 | 7

for any such pair of extensions.

ProoF. The proof is by induction on the length of the
evaluation. Without loss of generality, the context is an
application of its hole to a value. Now the result follows
from Lemma 10.1. O

THEOREM 10.3 (MODULARITY). Consider two classes
cli and clz such that neither is the superclass of the other.
Then for every term t, the terms cli; cle;t and cla; cli;t have
the same properties.

PROOF. Let (M;C[-]) be a property of cli;clz;t. The
proof that is it a property of clz; cl1;t is by induction on the
structure of the context C[—]. The only case of interest is
when the context is empty, in which case apply Lemma 10.2.
O

11. SUBTYPING

The subtyping relation is driven by a single axiom, that
every type is smaller than the top type Top, as given in Fig-
ure 4. At first glance, these rules appear to be too simple to
be both sound and effective. In particular, function types
are tnvariant in their argument types. The current consen-
sus is that function types should be contravariant in their
arguments, so that P - S < Q — T if S < T and Q < P.
However, consider the type inequality

X—-X<S-T.
Using contravariance, this reduces to the constraint
S<X<T

which may fail to have a most general solution. Using in-
variance, it becomes

S=X<T

which has a most general solution, if it has one at all.

Even more radical is the treatment of data types such as
products. Here PxS < QT ifand only if P = Q and S < T

S<T

T < Top FS<FT T<T
S<T S<T
P—-S<P-—-T VX.S <VX.T

Figure 4: Subtyping

since P xS is syntactic sugar for Binprod P S. Even though
this offends every algebraic principle of symmetry it works
very well here, being just enough to model subclassing in
the type system while keeping the algebra manageable. For
example, consider the type inequality

Y*«Z<XxX.

Using covariance, it requires X to be an upper bound of Y
and Z. If Y and Z are unrelated then X must be Top but
if Y and Z become equal then X can take the same value.
More generally, if Y and Z both turn out to be types of
points then X might be Point. Using invariance then the
inequality becomes simplified to Z < X =Y.

Summarising, the main benefit of this approach is that the
supertypes of any type form a finite linear order, just like
the class hierarchy. In turn, this simplifies the solution of
type inequalities. In particular, it clarifies the nature of
binary methods, since subtyping can only apply to one of
the arguments.

When declaring a (sub)class ¢ then the canonical pattern p.
has a canonical type P, and a declared method m has a type
of the form P. = S. Further, it is safe to add this special-
isation if, for every existing type Py = T of m, any unifier
v of P. and Py also solves S < T. Since type substitutions
preserve subtyping, it is enough to check the most general
unifier of P. and Py, if it exists. In this situation we write

P.=S<K<Pi=T

In most cases, the type inequality will turn out to be an
equation. For example, one may add a special case of type
ColourPoint[b] = ColourPoint[b] to a default method of
type Point[a] = Point[a]. However, suppose given a method
m of type Point[a] = List Point where the list may contain
a mix of mere points, coloured points etc. If equations were
required then any specialisation to coloured points must
have type ColourPoint[Y] = List Point but inequalities
allow the specialisation to produce a list of coloured points
since

ColourPoint[b] = List (ColourPoint[b]) <
Point[a] = List Point

Thus, there is no need for type casts to repair weaknesses
in the typing rules. The typing rules are derived from those
of the pattern calculus with methods by: adding a sub-
sumption rule; and replacing the type similarity condition
P; = S; = T'(m;) in the rule for class declarations, by



12. CONCLUSION

The pattern calculus with methods shows that the essential
elements of a class are its constructor and its method dec-
larations. The constructor is used to build the data struc-
tures that contain the fields of an object, while the methods
support dynamic dispatch. This account does not require a
privileged notion of self, or a type system to operate. Rather,
method invocation is controlled by pattern matching, since
the pattern language is already rich enough to capture class
information. The resulting calculus contains as a subsystem
the usual, referentially transparent, pattern calculus. Also,
even though the meanings of methods change dynamically,
the presence of extraneous classes cannot change the prop-
erties of existing programs. The creation of a class hierarchy
makes it easier to reason about classes and programs, and is
better able to support efficient implementation but does not
actually increase expressive power compared to the pattern
calculus with methods.

The typing and subtyping of these calculi follows the ap-
proach developed in [12]. Most surprising is that function
argument types are invariant under subtyping. This is pos-
sible since type variables may be instantiated to achieve the
desired type equalities. As a result there is no need for type
casts when specialising methods.

All of the theory and examples in the paper have been im-
plemented in bondi, using very little more machinery than
that described here. The next step is to put all this expres-
sive power to work.

This paper has illustrated the ten claims made in the intro-
duction about the simplicity and expressive power of this
approach to object-orientation. Many of these claims were
already made in the pattern calculus monograph but their
full significance only becomes apparent when combined with
the new account of the dynamics of class declarations and
method invocation, and indeed of the nature of methods
and classes. Perhaps surprisingly, most of the difficulties
melt away once the distinction between functions and data
structures is recognised as being fundamental.
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