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Abstract. The pure pattern calculus generalisesthe pure lambda-cal-
culus by basing computation on pattern-matc hing instead of beta-reduc-
tion. The simplicit y and power of the calculus derive from allowing any
term to be a pattern. As well as supporting a uniform approach to func-
tions, it supports a uniform approach to data structures which underpins
two new forms of polymorphism. Path polymorphism supports searches
or queries along all paths through an arbitrary data structure. Pattern
polymorphism supports the dynamic creation and evaluation of patterns,
so that queries can be customised in reaction to new information about
the structures to be encountered. In combination, these features provide
a natural account of tasks such as programming with XML paths.
As the variables used in matching can now be eliminated by reduction
it is necessaryto separate them from the binding variables used to con-
trol scope. Then standard techniques su�ce to ensure that reduction
progressesand to establish con
uence of reduction.

1 In tro duction

The lambda-calculusis a theory of functions which is powerful enoughto model
arbitrary computations. In its pure form every term is a function, so that func-
tion arguments are themselvesfunctions. Such higher-order functions givea clean
account of recursion as the application of the �xp oint function. Also data struc-
tures such as pairs, lists and trees can be modelled as higher-order functions
that take as arguments functions that are to act on the data stored within the
structure. Central to the expressive power of the lambda-calculusis that a single
rule, beta-reduction, is usedto describe the evaluation of an arbitrary function.
This uniformit y allows a single function to be applied in a variety of di�eren t
situations, i.e. supports function polymorphism. Unfortunately , the description
of data structures is not so uniform. Although the lambda-calculus supports
functions that act uniformly on all pairs, or all lists, it cannot support opera-
tions that exploit characteristics common to all data structures. These include
operations for searching, updating and aggregatingthat are at the heart of data
processingbut do not make sensewith lambda-abstractions.

In a way, this is surprising becausesuch operations can be speci�ed quite
simply. Every data structure is either an atom or a compound. For example,
every list is either empty or is compounded from a head and a tail, every tree
is either a leaf or a node. With this characterisation, one can de�ne searching a
data structure d as follows:



1. if d is the goal then return d;
2. elseif d is a compound data structure then traverseits components;
3. elsestop.

For example,considerthe problem of listing all the points in a data structure.
Each point is represented by terms of the form Point t wherePoint is a constructor
used to represent points whosedata is represented by t but the nature of the
structure holding the points is not known. Let the syntax [x1; : : : ; xn ] be used
for the list whose entries are given by x1; : : : ; xn and let s@t be the result of
appending s to the front of t. Now the solution can be given by a pattern-
matching function de�ned by cases

letrec listPoints =
Point y ! [Point y]

j x y ! (listPoints x) @(listPoints y)
j y ! [ ]

The most interesting caseof the three is the second,whosepattern x y is able
to match against an arbitrary compound data structure. For example, when
listPoints is applied to a pair Pair s t of points s and t we get

listPoints (Pair s t) = (( listPoints Pair) @(listPoints s)) @(listPoints t)
= ([ ] @[s]) @[t]
= [s; t]

This uniform approach to compound data structures supports path polymorphism
in which all paths through a data structure can be traversed.

Another example of path polymorphism is the function that updates point
data within an arbitrary data structure. It is given by

letrec updatePoint = f !
Point y ! Point (f y)

j z y ! (updatePoint f z) (updatePoint f y)
j y ! y

Further generalisationis achievedby making Point a parameter to the generic
update function de�ned by

letrec update= x ! f !
x y ! y x (f y)

j z y ! (update x f z) (update x f y)
j y ! y

This time the two variables in the pattern x y above behave quite di�eren tly as
x is a free variable ready to be substituted by, say, Point while y is a binding
variable, as usual. To distinguish these alternativ es, the arrow in the case is
decoratedwith a set of binding variables, in this casejust y. Where no subscript
is speci�ed then all the free variables of the pattern are assumedbound.
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The function update is pattern polymorphic, as it contains the free variable x
in the pattern x y whoseinstantiation can produce a variety of di�eren t update
functions. For example, update Point reducesto updatePoint. Further, if update
is applied to a casethen the pattern must be reducedbeforematching can occur.

Such 
exibilit y in the useof patterns leadsto the following leitmotiv:

any term can be a pattern .

This complements the view in lambda-calculusthat any term can be a function.
Hence,the pure pattern calculus has term syntax

t ::= x j t t j t ! � t

consistingof variables,applications and casesp ! � s where� is a setof variables,
its binding variables. In de�ning reduction onemust �rst specify a setof variables

 which are to play the role of constructors (meta-variable c). The solereduction
rule is motivated by the equation

(p ! � s) u = 
 f p=ug

� s (1)

where
 is disjoint from � . Here f p=ug

� is the match of p against u that produces

either a substitution with domain � or a failure.
It may be surprising to identify the constructors with a set of variables,but it

provesconvenient when reducing the pattern of a casep ! � s sincethe variables
in � are consideredto be constructors when reducing the pattern p. For example,
(x ! fg x) x ! x x reducesto x ! x x sincex is constructor within the pattern
(x ! fg x) x.

The pure pattern calculus is well behaved. In particular, every closedterm
of the form (p ! � s) u is reducible. Also, reduction is con
uent.

The simplicit y of the pure pattern calculus is best appreciatedby comparing
to previous approaches to pattern-matching. Popular functional programming
languagessuch as Standard ML [SML], OCAML [Oca] and Haskell [Has] only
support irreducible patterns which are either headedby a constructor or are a
binding variable. Recent research has sought to augment the collection of pat-
terns with new constructions [KPT96 ], reducible patterns [CK98] and free vari-
ableswhich do not bound occurrencesin the body of the program [BCKL03], and
patterns for compound data structures [Jay04c]. Only the last of thesesupports
path polymorphism and none of them supports pattern polymorphic examples.

Moreover, the last of these underpinned the development of typed calculi
supporting pattern polymorphism (e.g. [Jay04a]) which sought to allow more
dynamic patterns (for us, polymorphism is about re-usability, which may be for-
malised by typing). These have been used to support the generic update, and
its extension to handle arbitrary XML paths [HJS05a,HJS05b]. They have also
been used to support an object model able to support central goals of object-
orientation [Jay04b]. Again, they provide an account of structure polymorphism
[JC94,JBM98,Jay04c] necessaryto support operationssuch asmapping and fold-
ing in a uniform way, similar to polytypic or generic functional programming
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[Jan00,BdMH96,GJ03]. Finally, the \scrap-your-boilerplate" approach [syb06]
supports somekey casesof path polymorphism.

All thesecalculi attempted to control variable binding by restricting the class
of patterns and their reduction. However, simplicit y comesby treating binding
separatelyfrom the pattern itself. It is expectedthat all of the applications above
can be re-engineeredin the new, simpler, framework.

The structure of the rest of the paper is as follows. Section 2 intro ducesthe
terms. Section3 de�nes reduction. Section4 considerssomeexamples.Section5
shows that matching doesnot get stuck. Section6 provesreduction is con
uent.
Section 7 draws conclusionsand considersfurther work.

Ac kno wledgemen ts We would like to thank the anonymous refereesand Eu-
genio Moggi for their constructive criticism.

2 Terms

Fix a countable alphabet of variables (meta-variables : : : x; y; z). Let � and 

denote �nite sets of variables. The notation 
 ; � denotes the disjoint union of
such sets.The term syntax of the pure pattern calculus is

Terms t ::= x (variable)
t t (application)
t ! � t (case)

The variablesare available for binding, matching and substitution. The applica-
tion r u applies the function r to its argumentu. The casep ! � s is formed of a
pattern p and a body s linked by the set � of binding variables. Application is left-
associative and caseis right-associative.Application binds tighter than case.For
examplex ! x y z ! y y is equal to x ! ((( x y) z) ! y y). Lambda-abstraction
can be de�ned by setting �x:t to be x ! x t.

Free variablesof terms are de�ned by:

fv(x) = f xg
fv(r u) = fv(r ) [ fv(u)

fv(p ! � s) = (fv(p) [ fv(s)) n � :

Hence the binding variables of a casebind their free occurrencesin both the
pattern and body. A term is closed if it has no free variables.

The notation p ! s stands for p ! fv(p) s. Hence programmers need never
actually mention binding variables explicitly unless they require free variables
in the pattern.

2.1 Matc hes

A substitution � is a partial function from variables to terms. The notation
f x1=u1; : : : ; xn =un g represents the substitution that mapsx i to ui for i = 1 : : : n
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and fg denotesthe empty substitution. A match (meta-variable m) is either a
successful match, given by a substitution, or a failure, denoted by none. The
usual concepts and notation associated with substitutions will be de�ned for
arbitrary matches.

The domain of � is denoted dom(� ). The domain of none is the empty set.
The set of free variables of � is given by the union of the sets fv(� x) where
x 2 dom(� ). Also, none has no free variables. De�ne the variables of m to be
var(m) = dom(m) [ fv(m).

The application of a substitution � to a term is de�ned by

� x = � x if x 2 dom(� )
� x = x if x =2 dom(� )
� (r u) = (� r ) (� u)
� (p ! � s) = � p ! � � s if var(� ) \ � = fg

The restriction on the de�nition of � (p ! � s) is necessaryto avoid a variable
clash which would change the semantics of the term. Variable clasheswill be
handled by � -conversion.

If matching fails in Equation (1) then nonewill be applied to the body of the
case,which should be discarded. One possibility is to intro duce a special error
term, but match failure provides a natural branching mechanism which can be
usedto underpin the de�nitions of conditionals and pattern-matching functions.
Hence,we de�ne

nonet = x ! x x:

Given matchesm1 and m2 then m1 ] m2 is the match de�ned as follows. If
m1 and m2 are substitutions � 1 and � 2 whosedomains are disjoint then � 1 ] � 2

is de�ned by

(� 1 ] � 2)x =

8
<

:

� 1x if x 2 dom(� 1)
� 2x if x 2 dom(� 2)
unde�ned otherwise.

In all other circumstancesm1 ] m2 = none. Disjoint domains will be used to
ensurethat matching is deterministic.

The composition � 2 � � 1 of two substitutions � 1 and � 2 is de�ned by (� 2 �
� 1)x = � 2(� 1x). Further, if m1 and m2 are matchesof which at least one is none
then m2 � m1 is de�ned to be none.

The check m� of a match m on a set of variables � is m if m is a substitution
whosedomain is exactly � and is noneotherwise.

2.2 Alpha conversion

Let � be a set of variables and x and y be variables. Then f x=yg� is de�ned
to be the set obtained by replacing x by y in � if x 2 � and y 62� , and to be
unde�ned otherwise.

Alpha conversionis the congruencerelation generatedby the following axiom

p ! � s = � f x=ygp ! f x=y g� f x=ygs if y =2 fv(p) [ fv(s):
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For example,x y ! y x (f y) = � x z ! z x (f z) if z is not free in f .

Lemma 1. For every substitution � and term t there is an � -equivalent term t0

such that � t0 is de�ned. If t1 and t2 are � -equivalent terms then fv(t1) = fv(t2)
and if u1 = � t1 and u2 = � t2 are both de�ned then u1 = � u2.

Proof. The proofs are by straightforward inductions.

From now on, a term is an � -equivalenceclassin the term syntax.

3 Reduction

Reduction proceedsin two stages:�rst generatea match and then apply it.

3.1 Matc hing

De�ne the ' -data structures(meta-variable d) by

d ::= x if x 2 '
d u:

De�ne the data structures to be the fg -data structures. The ' -matchableforms
arethe ' -data structures and all cases.The matchableforms arethe fg -matchable
forms.

The basic matching f p==ug� of a term p (called the pattern) against a term
u (called the argument) relative to a set � of binding variablesand a disjoint set

 of constructing variables (or constructors) is the partial operation de�ned by
applying the following equations in order

f x==ug

� = f x=ug if x 2 �

f c==cg

� = fg if c 2 


f q p==v ug

� = f q==vg


� ] f p==ug

� if q p is a 
 ; � -matchable form

and v u is a 
 -matchable form
f p==ug


� = none if p is a 
 ; � -matchable form
and u is a 
 -matchable form

f p==ug

� = unde�ned otherwise.

That is, matching is always de�ned if the pattern is a 
 ; � -matchable form and
the argument is a 
 -matchable form, and match failure can only arise if rules
for successfulmatching do not apply. A binding variable matches anything. A
constructor matches itself. We will typically use the meta-variable c to denote
a constructor. Matching of compound data structures is component-wise, using
(disjoint) union. Note that the ordering of the equations can be avoided by
expanding the de�nition into an induction on the structure of the pattern.

The use of disjoint unions when matching compound patterns means that
matching against a compound such as c x x can never succeed.Sincenon-linear
patterns cannot be banned(any term can be a pattern), the alternativ ewould be
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to allow it to match with terms of the form c u u. However, this may causea loss
of con
uence, as in [FK03,Kah03], for reasonsgrounded in Klop's observation
[Klo80] that the combination of untyped � -calculus with non left-linear �rst-
order rewriting systemsbreaks con
uence.

As de�ned, matching one caseagainst another always fails. To do otherwise
would require that matching be parametrised by yet another set of variables,
representing thosewhich arebound within the pattern itself, sois left for another
occasion.

Let p and u be terms and let � and 
 be disjoint sets of variables. De�ne
the matching f p=ug


� of p against u with respect to binding variables � and con-
structors 
 to be the check of f p==ug


� on � , where the check of a match is the
function de�ned in Section 2. The check is necessaryto ensure that reduction
does not allow bound variables to becomefree. For example, f x=xgf x g

f yg = none
sincethe basic matching is not de�ned on y.

The pure pattern calculus has a match rule given by

(p ! � s) u 7�! 
 f p=ug

� s (2)

parametrised by the choice of constructors 
 . That is, if matching of the pat-
tern against the argument producesa substitution whosedomain is the binding
variables then apply this to the body. If the matching fails then return the iden-
tit y function. Of course,if f p=ug


� is unde�ned (e.g. becausep or u needsto be
reduced) then the match rule doesnot apply.

(p ! � s) u � ! 1

 f p=ug


� s

r � ! 1

 r 0

r u � ! 1

 r 0 u

u � ! 1

 u0

r u � ! 1

 r u0

p � ! 1

 ;� p0

p ! � s � ! 1

 p0 ! � s

s � ! 1

 s0

p ! � s � ! 1

 p ! � s0

Fig. 1. One-step reduction

The one-stepreduction relation � ! 1

 is de�ned by the rules in Figure 1. The

reduction relation � ! �

 is the re
exiv e-transitive closure of � ! 1


 . A term t is

 -irr educible if there is no reduction of the form t � ! 1


 t0.
The key point is that the binding variables of a casebecomeconstructors

when reducing the pattern. For example,

(x ! fg x) x ! x x � ! 1
fg x ! x x

sincethe binding variable x becomesa constructor when reducing ((x ! fg x) x).
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4 Examples

� -calculus There is a simple embedding of the pure � -calculus into the pure
pattern calculus obtained by identifying the � -abstraction �x:s with x ! x s or
x ! s. Pattern-matching for theseterms with respect to any set of constructors
is exactly the � -reduction of the � -calculus. For example, the �xp oint term

�x = (x ! f ! f (x x f )) (x ! f ! f (x x f ))

can be usedto de�ne recursive functions. A term de�nition of the form letrecx =
t will be interpreted as giving f the value �x (x ! t) in the usual way.

Constructors It is common to add to the � -calculus a collection 
 of term
constants to play the role of constructors for data structures. Here we can de�ne
a program to consist of a pair of a term p and a set of term variables 
 , and
perform reduction relative to 
 . Equivalently , onemay de�ne a program to be a
term of the form

p ! 
 �

where � 2 
 , with reduction relative to the empty set of variables.

Branc hing constructs Let True and Falsebe constructors and de�ne condi-
tionals by

if b then s elser = (True ! x ! s) b r

where x 62fv(s). Thus, if True then s elser reducesto (x ! s) r and then to s
while if Falsethen s elser reducesto (y ! y) r and then to r . More generally,
the extensionp ! � s j r extends the casep ! � s with a default r by

p ! � s j r = x ! (p ! � y ! s) x (r x)

where x 62fv(p ! � s) [ fv(r ) and y 62fv(s). When applied to some term u
it reducesto f p=ug� (y ! s) (r u). Now if f p=ug� is somesubstitution � then
this reducesto � (y ! s) (r u) = (y ! � s) (r u) and then to � s as desired.
Alternativ ely, if f p=ug� = nonethen the term reducesto (none(y ! s)) (r u) =
(z ! z) (r u) and then to r u as desired.

Extensions can be iterated to produce pattern-matching functions out of a
sequenceof many cases.Make j right-associative so that

p1 ! s1

j p2 ! s2
...

j pn ! sn

is p1 ! s1 j (p2 ! s2 j (: : : j pn ! sn )). For example, the function listPoints in
the intro duction is de�ned in this way.

Arithmetic The natural numbers can be de�ned as data structures built from
constructors Zero and Successor. Then recursive functions can be de�ned using

8



�x . This comparesfavourably with the representation of numbersasthe iterators
usedto de�ne the Church numerals.

Generic equalit y Now let us considersomenovel programs.A genericequality
is de�ned by

equal= x ! (x ! fg True j y ! False)

where the �rst argument is usedas the pattern for matching against the second.
For example, equal (Successor Zero) (Successor Zero) reducesto True. This is a
simple example of pattern polymorphism where the pattern is created dynami-
cally.

The generic eliminator The genericeliminator is given by

elim = x ! x y ! y y

For example,elim Successor reducesto Successor y ! y. Again, supposethat the
list constructors Nil and Consare given and de�ne singleton= x ! Consx Nil.
Then elim singletonreducesto Consy Nil ! y by reduction of the pattern.

Generic up dating Patterns of the form x y are used to accessdata along
arbitrary paths through a data structure, i.e. to support path polymorphism.
Combining the useof pattern and path polymorphism yields the genericupdate
function de�ned in the intro duction. When applied to a constructor c, and a
function f and a data structure d it replacessub-terms of d of the form c t by
c (f t). For example, update c f ((c u) (c v)) reducesto (c (f u)) (c (f v)). In
general,update can be applied to cases.For example,update singletonf reduces
to

Consy Nil ! Cons(f y) Nil
j z y ! (update singletonf z) (update singletonf y)
j y ! y

Also, updating can be iterated to give �ner control. For example,given con-
structors Salary; Employeeand Department and a function f then the program

update Department (update Employee(update Salary f ))

updates departmental employee salaries.Note that it is not necessaryto know
how employeesare represented within departments for this to work, so that a
new level of abstraction arises,similar to that which XML is intended to support.
The full rangeof XML paths can be handled by de�ning an appropriate abstract
data type, similar to that of signposts given in [HJS05a,HJS05b].

Wild-cards It is interesting to add a newconstant denoted? to the pure pattern
calculus, the wild-card. It hasno free variablesand is una�ected by substitution.
It is a data structure, is compatible with anything, and has the matching rule

f ?==ug

� = fg

for any 
 and � . That is, it behaveslike a fresh binding variable in a pattern but
like a constructor in a body. For example, the secondand �rst projections from
a pair can be encoded as elim (Pair ?) and elim (x ! Pair x ?).
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The following exampleusesrecursion in the pattern. De�ne the function for
the extracting list entries by

letrec entrypattern =
Succn ! x ! Cons? (entrypattern n x)

j Zero ! x ! Consx ?

entry = n ! elim (entrypattern n)

For example,entry (Succ(SuccZero)) reducesto Cons? (Cons? (Consx ?)) ! x
which recovers the secondentry from a list. Note the standard approach, in
which each occurrence of the wild-card represents a distinct binding variable,
cannot support such recursion.

5 Progress

Theorem 1. Let t be a term whosefree variables are all in someset 
 . If t is

 -irr educible then t is a 
 -matchableform. Hence, pattern-matching cannot get
stuck.

Proof. The proof is by induction on the structure of t. Without lossof generality,
it su�ces to consider t of the form (p ! � s) u. Now u is 
 -irreducible, and p is

 ; � -irreducible and so, by induction, u is 
 -matchable and p is 
 ; � -matchable.
Hencethe basic matching of p against u is de�ned and so t is 
 -reducible, con-
tradicting the assumption.

6 Con
uence

Con
uence of reduction is establishedusing the parallel reduction technique due
to Tait and Martin-L•of [Bar84] which can be summarised in four steps: de�ne
a parallel reduction relation denoted � ; prove that � � and � ! � are the same
relation (Lemma 2); show that � has the diamond property (Theorem 2); and
usethis to prove con
uence.

Let 
 be a set of variables. The parallel 
 -reduction relation is given in Fig-
ure 2.

t � 
 t

r � 
 r 0 u � 
 u0

r u � 
 r 0 u0

p � 
 ;� p0 s � 
 s0

p ! � s � 
 p0 ! � s0

p � 
 ;� p0 s � 
 s0 u � 
 u0

(p ! � s) u � 
 f p0=u0g

� s0

Fig. 2. Parallel 
 -reduction
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Lemma 2. Every one-step
 -reduction is a parallel 
 -reduction. Also, everypar-
allel 
 -reduction is a 
 -reduction. Hence the re
exive-tr ansitive closure � �


 of
� 
 is the reduction relation � ! �


 .

Proof. The proofs are by straightforward induction on the de�nitions.

The parallel 
 -reduction relation � 
 betweenmatches is de�ned as follows.
Given two substitutions � and � 0 then � � 
 � 0 if dom(� ) = dom(� 0) and � x � 


� 0x for every x 2 dom(� ). Also none� 
 none. Substitutions and noneare not
related.

Lemma 3. If t is a term and m is a match then fv(mt ) � fv(m) [ (fv(t) n
dom(m)).

Proof. If m is nonethen the result is immediate so assumethat m is a substi-
tution � . The proof is by induction on the structure of t. If t is p ! � s where
� \ var(� ) = fg then

fv(� p ! � � s) = (fv(� p) [ fv(� s)) n �
� (fv(� ) [ (( fv(p) [ fv(s)) n dom(� ))) n � (by induction)
= fv(� ) [ (fv(t) n dom(� )) :

The other casesare straightforward.

Lemma 4. If m = f p=ug

� for someterms p and u and disjoint setsof variables


 and � then fv(m) � fv(u).

Proof. If m = nonethen there is nothing to prove. Otherwise the proof is by a
straightforward induction on the structure of p.

Lemma 5. If t � 
 t0 is a parallel reduction then fv(t0) � fv(t). Hence, if m � 


m0 is a parallel match reduction then var(m0) � var(m).

Proof. By Lemma 2 it su�ces to prove the result for the one-step reduction
relation; we only show here the caseof the reduction rule (2). Then

fv(t0) = fv(f p=ug

� s)

� fv(f p=ug

� ) [ (fv(s) n dom(f p=ug


� )) (Lemma 3)
� fv(f p=ug


� ) [ (fv(s) n � )
� fv(u) [ (fv(p ! � s)) (Lemma 4)
= fv(t):

Lemma 6. Let m be a match and let � and 
 be two disjoint sets of variables
suchthat var(m) \ � = dom(m) \ 
 ) = fg . If p and u are terms such that f p==ug


�
is de�ned then so is f m p==m ug


� and f m p==m ug

� � m = m � f p==ug


� . Hence

f m p=m ug

� � m = m � f p=ug


� :
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Proof. The secondstatement follows directly from the �rst. If m is none then
both sidesare none. Sowithout lossof generality, assumethat m is a substitution
� . The proof is by induction on the structure of p. If p is a variable x 2 � then
both sidesmap x to � u and behave as � on all other variables since var(m) \
� = fg . If p is in 
 and u is the same then both sides are m. If p and u are
compatible applications then apply induction twice. If f p==ug


� = none then
f � p==� ug


� = none(since dom(� ) \ (� [ 
 ) = fg ) and so both sidesof the match
equation are none.

Lemma 7. If p � 
 ;� p0 and u � 
 u0 are parallel reductions on terms and
f p=ug


� is de�ned then so is f p0=u0g

� and f p=ug


� � 
 f p0=u0g

� .

Proof. The proof is by induction on the structure of p. If p is a variable then p0

is the samevariable so that the result follows directly. If p is a casethen both
matcheswill fail. Otherwise p must be a 
 ; � -matchable form p1 p2 and u must
be a 
 -matchable form. If u is not an application then it must be a constructor
or a case:either way, both matchings will fail. Alternativ ely, if u = u1 u2 then
Theorem 1 implies that u1 is also a 
 -data structure and thus u0 = u0

1 u0
2 where

u1 � 
 u0
1 and u2 � 
 u0

2. Now p1 is a 
 ; � -data structure and sop0 = p0
1 p0

2 where
p1 � 
 ;� p0

1 and p2 � 
 ;� p0
2. Henceinduction applies.

Lemma 8. If m � 
 m0 and t � 
 t0 are parallel reductions of matches and
terms respectively and dom(m) \ 
 = fg then m t � 
 m0 t0.

Proof. If m is nonethen m0 is noneand so the result is immediate. So assume
that m and m0 are substitutions � and � 0 respectively. The proof is by induction
on the derivation of t � 
 t0. The only non-trivial case is when t = (p ! �

s) u � 
 f p0=u0g

� s0 where p � 
 ;� p0 and u � 
 u0 and s � 
 s0. Without loss

of generality, assumevar(� ) \ � = fg . Hence var(� 0) \ � � var(� ) \ � = fg by
Lemma 5 and dom(m0) \ 
 = dom(m) \ 
 = fg . Thus, � 0(f p0=u0g


� s0) is equal to
f � 0 p0=� 0 u0g


� (� 0 s0) by Lemma 6 and so � ((p ! � s)u) = (� p ! � � s) (� u) � 


f � 0p0=� 0 u0g

� (� 0 s0) = � 0(f p0=u0g


� s0).

Theorem 2. The relation � 
 has the diamond property. That is, t � 
 t1 and
t � 
 t2 then there is t3 such that t1 � 
 t3 and t2 � 
 t3.

Proof. The proof is by induction on the de�nition of parallel reduction. Suppose

(p2 ! � s2) u2 
 � (p ! � s) u � 
 f p1=u1g� s1

where p � 
 ;� p1 and p � 
 ;� p2 and s � 
 s1 and s � 
 s2 and u � 
 u1 and
u � 
 u2. By induction, there are terms p3; s3 and u3 such that p1 � 
 ;� p3

and p2 � 
 ;� p3 and s1 � 
 s3 and s2 � 
 s3 and u1 � 
 u3 and u2 � 
 u3.
Now f p1=u1g


� � 
 f p3=u3g

� by Lemma 7 and so f p1=u1g


� s1 � 
 f p3=u3g

� s3 by

Lemma 8 since dom(f p1=u1g

� ) does not contain 
 by construction. Hence, the

diamond is completed by f p3=u3g

� s3.

Again, suppose(p ! � s) u � 
 f p2=u2g

� s2 and (p ! � s) u � 
 f p1=u1g


� s1

where p � 
 ;� p1 and p � 
 ;� p2 and s � 
 s1 and s � 
 s2 and u � 
 u1 and
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u � 
 u2. By induction there are terms p3; s3 and u3 such that p1 � 
 ;� p3 and
p2 � 
 ;� p3 and s1 � 
 s3 and s2 � 
 s3 and u1 � 
 u3 and u2 � 
 u3. Now
f p1=u1g


� and f p2=u2g

� both parallel reduce to f p3=u3g


� by Lemma 7 and so
Lemma 8 implies the diamond is completed by f p3=u3g


� s3. The other casesare
straightforward.

Corollary 1 (Con
uence). The reduction relation is con
uent.

Proof. Theorem 2 shows that � 
 hasthe diamond property and sothe re
exiv e-
transitiv e closureof � 
 is con
uent. Now apply Lemma 2.

7 Conclusion and Further Work

Pattern-matching provides a natural mechanism for computing with data struc-
tures; its expressive power is determined by the nature of the patterns that are
allowed. The pure pattern calculus maximisesthis expressive power by allowing
any term to be a pattern. The resulting languagesupports patterns that are able
to match with arbitrary compound data structures (path polymorphism), and
patterns that can be assembled dynamically (using free variables to represent
patterns) and simpli�ed into a matchable form (pattern polymorphism). Such
patterns will prove useful when manipulating remote data whose structure is
only partially known, as illustrated by the example of updating.

There are a number of open questionsconcerning the pure pattern calculus
itself, and its connectionsto rewriting, logic, type theory and category theory.

The matching processmay extend to considermatching of casesaswell asof
data structures, provided the binding variablesof casesare treated appropriately.
We have not pursued this here as the complexity of the development was not
justi�ed by any new forms of polymorphism. However, it may prove useful in
program analysis and transformation.

It is not yet clearwhat extensionalequality shouldbe for the pattern calculus,
as earlier work on extensionally for pattern-matching [Kes97] doesnot take full
account of data structures. For example,the � -equality rule f = �x:f x doesnot
apply in our setting sincea data structure is not a case.

Another issueconcernshigher-order rewriting within a formalism with pat-
terns [FK03]. It seemsnatural to extend such languagesto capture the rich
dynamics of the patterns presented here.

In the spirit of [KPT96] it would be interesting to explore a Curry-Howard
interpretation for the pure pattern calculus in order to recognise,or develop,
the corresponding logic. For example, matching against arbitrary compounds
appearsto model structural induction [Bur69] in a uniform way.

The calculuspresented here usesa meta-level (or implicit) pattern-matching
operation. One could also consider explicit pattern-matching, where the match
equationsbecomethemselvesrewriting rules which can then be interleaved with
other reductions [CK99,For02,Kah03,Jay04c].

It is straightforward to provide simple typesand indeed to support paramet-
ric polymorphism. Of more interest will be the addition of type specialisations
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[Jay04c] necessaryto type the more complex examples.The calculus will then
provide a clean foundation for a typed account of XML paths, as described
in [HJS05a,HJS05b] and a platform upon which to model object-orientation,
along the lines proposedin [Jay04b].

The denotational semantics of the pattern calculus also awaits exploration.
It is not yet clear how to represent a casein a domain-theoretic setting. As a
lambda-abstraction is an arrow in a category then perhapsa caseis a span in a
category or, rather, the internalisation of a span.

In conclusion,the pure pattern calculus provides a compact setting in which
to handle both functions and data structures in a uniform manner, and so sup-
port new forms of polymorphism.

References

[Bar84] Henk Barendregt. The Lambda Calculus: Its Syntax and Semantics, volume
103of Studies in Logic and the Foundations of Mathematics. North-Holland,
1984. Revised Edition.

[BCKL03] Gilles Barthe, Horatiu Cirstea, Claude Kirc hner, and Luigi Liquori. Pure
Pattern Typ e Systems. In Proceedings of the 30th Annual ACM Symposium
on Principles of Programming Languages(POPL) , pages 250{261. ACM,
2003.

[BdMH96] Richard Bird, Oege de Moor, and Paul Hoogendijk. Generic functional
programming with typesand relations. Journal of Functional Programming,
6(1):1{28, 1996.

[Bur69] Rod M. Burstall. Proving properties of programs by structural induction.
The Computer Journal , 1969.

[CK98] Horatiu Cirstea and Claude Kirc hner. � -calculus, the rewriting calculus. In
5th International Workshop on Constraints in Computational Logics (CCL) ,
1998.

[CK99] SerenellaCerrito and Delia Kesner. Pattern matching ascut elimination. In
Giuseppe Longo, editor, 14th Annual IEEE Symposium on Logic in Com-
puter Science (LICS) , pages98{108. IEEE Computer Society Press, 1999.

[FK03] Julien Forest and Delia Kesner. Expression reduction systemswith patterns.
In Robert Nieuwenhuis, editor, 14th International Conference on Rewriting
Techniques and Applications (RTA) , volume 2706 of Lecture Notes in Com-
puter Science, pages107{122. Springer-Verlag, 2003.

[For02] Julien Forest. A weak calculus with explicit operators for pattern matching
and substitution. In Sophie Tison, editor, 13th International Conference
on Rewriting Techniques and Applications (RTA) , volume 2378 of Lecture
Notes in Computer Science, pages174{191. Springer-Verlag, 2002.

[GJ03] Jeremy Gibb ons and Johan Jeuring, editors. Generic Programming:
IFIP TC2/WG2.1 Working Conference on Generic Programming July 11-
12,2002, Dagstuhl, Germany. Klu wer Academic Publishers, 2003.

[Has] The Haskell language. http://www.haskell.org/ .
[HJS05a] Freeman Yufei Huang, C. Barry Jay, and David B. Skillicorn. Dealing with

complex patterns in XML processing. Technical Report 2005-497,Queen's
Univ ersity School of Computing, 2005.

14



[HJS05b] Freeman Yufei Huang, C. Barry Jay, and David B. Skillicorn. Programming
with heterogeneousstructures: Manipulating XML data using bondi. Tech-
nical Report 2005-494,Queen's Univ ersity School of Computing, 2005. To
appear in ACSW'06.

[Jan00] Patrick Jansson. Functional Polytypic Programming. PhD thesis, Comput-
ing Science,Chalmers Univ ersity of Technology and G•oteborg Univ ersity,
Sweden, May 2000.

[Jay04a] C. Barry Jay. Higher-order patterns. Available as www-staff.it.uts.edu.
au/~cbj/Publications/higher_or der_patte rns.p df , 2004.

[Jay04b] C. Barry Jay. Methods as pattern-matc hing functions. In Sophia
Drossopoulou, editor, The 11th International Workshop on Foundations of
Object-Oriented Languages, 2004. Proc. available as http://www.doc.ic.
ac.uk/~scd/FOO.pdf .

[Jay04c] C. Barry Jay. The pattern calculus. ACM Transactions on Programming
Languagesand Systems(TOPLAS) , 26(6):911{937, November 2004.

[JBM98] C. Barry Jay, Gianna Bell�e, and Eugenio Moggi. Functorial ML. Journal
of Functional Programming, 8(6):573{619, 1998.

[JC94] C. Barry Jay and J. Robin B. Cockett. Shapely types and shape poly-
morphism. In D. Sannella, editor, Programming Languagesand Systems
- ESOP '94: 5th European Symposium on Programming, Edinburgh, U.K.,
April 1994, Proceedings, volume 788 of Lecture Notes in Computer Science,
pages302{316. Springer Verlag, 1994.

[Kah03] Wolfram Kahl. Basic pattern matching calculi: Syntax, reduction, con
u-
ence, and normalisation. Technical Report 16, Software Qualit y Research
Laboratory, McMaster Univ., 2003.

[Kes97] Delia Kesner. Reasoning about redundant patterns. Journal of Functional
and Logic Programming, 1997(4), June 1997.

[Klo80] Jan-Willem Klop. Combinatory Reduction Systems. PhD thesis, Mathemat-
ical Centre Tracts 127, CWI, Amsterdam, 1980.

[KPT96] Delia Kesner, Laurence Puel, and Val Tannen. A Typ ed Pattern Calculus.
Information and Computation, 124(1):32{61, 1996.

[Oca] The Objectiv e Caml language. http://caml.inria.fr/ .
[SML] St and ard ML of New Jersey . http://cm.bell- labs.com/cm/cs /what /

smlnj/ .
[syb06] Scrap your boilerplate homepage. http://www.cs.vu.nl/boilerpl ate/ ,

2006.

15


