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Abstract.

For a graph of m nodes and n edges, an algorithm for testing the isomorphism
of graphs is given. The complexity of the algorithm is a maximum of O(mn?) in
almost all cases, with a considerable reduction if sparsity is exploited. If isomorphism
is present, the pseudoinverses of the Laplace matrices of the graphs will be row and
column permutations of each other. Advantage can be taken of certain features of the
incidence matrices or of properties of the graphs to reduce computation time.
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1 Introduction.

An efficient algorithm for testing two graphs (planar or non-planar) for iso-
morphism is of practical importance (eg, for organic chemists, vide Kudo et
al[6]). Two undirected connected graphs G; and G with the same number of
edges and no parallel edges are isomorphic if two vertices in (G; are adjacent if
and only if the corresponding vertices of G5 are adjacent and vice versa. In the
case of directed graphs, there is an additional requirement that the orientation
of the elements should be the same. If the algorithm is used for directed graphs,
it may require an additional step where the direction of the elements in the final
suggested graph matching is compared with the directions of the original graphs.

Most approaches (Hoffman [3] and McKay [8]) so far to the isomorphism prob-
lem have fallen into two groups - those using generalised matrix functions such
as the determinant or eigenvalues of matrices derived from the graphs, and those
based on classification of the vertices, e.g., Kocay [5] and Mayeda [7]. An ex-
cellent summary of the present position appears in Skiena [12]. The algorithm
suggested here, involving the pseudoinverses of the Laplace matrices, belongs in
the former category. The main advantage of the proposed algorithm over one
based on the eigensystem of the Laplace matrix is that generally the operations
counts are lower and the proposed algorithm can be extended to matrices which
have multiple eigenvalues.

*Received January 1993. Revised August 1995.
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For a matrix X, the pseudoinverse, here designated as X T, has, as a special
case, the inverse of a nonsingular square matrix. For many purposes, its most
useful property is that, given a set of equations Xz = b, £ = X Tb is the minimum
length z which minimises the squared error (b — Xz)T (b — Xz).

For computational purposes, if X = UV, where X is an m X n matrix of rank
rand m > n, U is m x r of rank r and V is r x n of rank r, then X7 is given
by (Noble [9])

(1.1) xt=vtut=viwvhH=-'wru)-'v’.

If Y and Z are square orthogonal matrices, a useful property of pseudoinverses
(Bennett [2]) is that
(vxz)t =z7x*y"T.

This identity is particularly useful where X is an incidence matrix and Y and Z
are permutation matrices or diagonal matrices with diagonal elements +1.

Two isomorphic graphs have pseudoinverses of their incidence, adjacency or
Laplace matrices which permute to the same matrix. For undirected graphs,
with edge directions chosen arbitrarily, additional sign reversals of rows may
be necessary. The incidence, adjacency or Laplace matrices themselves will
also have this property but the small number of different elements makes the
determination of suitable permutations impracticable. In this article, emphasis
is placed on Laplace matrices.

For convenience, it will be assumed that graphs being tested are connected.
Connectedness can be tested for, e.g., by following the procedure described by
Read [10]. If a graph has more than one component, components can be tested
for isomorphism separately. It will also be assumed that any self loops have
been removed, and that graphs to be tested have no parallel edges and the same
numbers of edges and of vertices. A preliminary test should be made to ensure
that the numbers of vertices of the same degree in the two graphs are equal. Tt
is convenient to use methods such as those outlined by Read [10] to divide the
network into blocks which can be tested separately.

2 Graphs and Pseudoinverses.

The method proposed depends in part on exploiting properties of matrices
arising from the underlying sparse tree to minimise the operations count. From
the n edges of a directed connected graph G of m vertices may be selected m—1
edges which form a spanning tree (one of the vertices being chosen as the root
of the tree), the remaining n — (m — 1) edges being links. By suitable choice of
the ordering of columns and rows, the corresponding oriented vertex incidence
matrix, M, may be written as

A B
—-sTA —sTB

where the last row corresponds to the vertex chosen as a root vertex of the
spanning tree; the columns in A, an (m — 1) x (m — 1) matrix (of rank m — 1),
correspond to the branches of a spanning tree; those in B, an (m—1) x (n—(m—1))
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matrix, to the links; and s is the (m—1) element summing vector (s; = 1, Vi). If
an edge represented by the column e connects the vertex represented by the row ¢
to the vertex represented by the row j, M;, = 1, M;c = —1 and Mg, = 0 for
k # 1i,j. As the spanning tree is not unique, the columns of A may be selected
from M in a number of ways (Mayeda [7]). Although the use of the spanning tree
to represent the matrix is not essential to the algorithm, it enables efficiencies to
be made in the operations count and also the detection of zero pivots generated
during the process where the matrices are highly symmetric.

As has been pointed out in the introduction, if, for two undirected graphs,
each with m vertices and n edges, one graph is isomorphic to the other, then the
pseudoinverses of the corresponding incidence, adjacency or Laplace matrices
with arbitrarily assigned edge directions will be identical after row and column
permutations, perhaps with row sign changes in the case of the incidence matrix.
For directed graphs, sign changes are not permitted.

2.1 The Pseudoinverse.

To appreciate the economy of the operation used, it is necessary to show how
it derives from properties of the pseudoinverse. If

RN AP

then, by (1.1), M+ = (YZ)* = ZTY* where

I
Y_[_ST], Z=[4A B],
i.e,
+ AT T T1-1 T1-1
Mt = BT [AA® + BB 7 [I+ss |7 [I| — 5]
AT _ 1 1
(2.1 = [ BT ] [AAT 4+ BBT]7! [(I— ESST)l - ES]
as ) -
[[+ssT]7' = [I — —ssT|.
m
Thus
Mt = ! [+ A'BBT A=T]71 A1 —(1 — issT)| _ 1
| BTATT | m m |’
Let
(2.2) C=(I+A"'BBTAT)=1
Then

(2.3) Mt = [ it ] cA™l [(1_ Loy - is] .
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In most cases, it is more efficient to test for isomorphism using the pseu-
doinverse of the Laplace matrix, M MT than with M*. (For convenience, this
pseudoinverse of the Laplace matrix, ie M+tT M+, will be represented by K.)
A possible remapping may then be obtained using the diagonal elements of K.
The effects of edge sign allocations are neutralised because the elements K;; are
computed. Each diagonal element represents the sum of squares of the elements
of a column of the pseudoinverse of M+, where each column corresponds to a
vertex of the original graph. The diagonal values of K (although not their order)
are invariant under permutation of rows and columns.

Another possibility would be to test the diagonal elements of M+ M*T . How-
ever, as there are in general fewer vertices than edges (except with trees), there
are fewer operations involved in calculating the diagonal elements of K.

A further possibility was suggested by a reviewer. Rather than using the
diagonals of the pseudoinverse, it would be possible to obtain the first column
of the pseudoinverse of the first Laplacian matrix and successively compare it
with permuted columns of the second pseudoinverse until a match was found or
there were no remaining columns in the second matrix. This method is shown
in example 1 below. For some pairs of graphs, this would involve less work than
calculating the diagonals. However, for highly symmetric matrices as in the
example in section 2.2, which occur frequently in practice, there is considerable
extra work in the sorting and checking required.

A suitable algorithm for computing K may be developed as follows:

(2.4) K (ie M¥T M)
[ I— LSST T T T1—1 AT
ol _[AA +BBT]7'[ A B ] BT

1
[AAT 4+ BBT 7! [(T — —ssT)| — —ST:|
m
LT T
- ! TZS [AAT + BBT]7! [(1— —ssT)| — —5]
- ] m m
(2.5)
From (2.2),
_ LT 1 1
(2.6) K= [ T=wss ]AITCA‘l [1— —ssT| — —5]
- mS m m

If a spanning tree is generated by a suitable technique (eg, by using a breadth
first scanning procedure), then the rows and columns of A may be permuted
to take the form of a lower triangular matrix. Advantage may be taken of this
triangularity to reduce computation, as solution of equations of the form Az = b
(x = A=1b) may be effected by backward substitution with A rather than by
explicit calculation of A=! (Bennett [1]). This backward substitution calls for
at most ~ m?/2 operations.
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Figure 2.1: Example 1 - Graphs, G1 and G»

Thus in the case of the networks shown in Figure 2.1, M; and M, are

f e c b a d 0] € ) a f ~
5/ 1 . . . . . 11 1
41 -1 1 10 -1 -1 1
3 -1 1 1 9 -1 -1
2 -1 1 . 6 -1 . ’
1 -1 1 =1|7 . 1 -1
0 -1 8 1 1 1

vertices 0 and 8 respectively being chosen as roots and M; and My being parti-
tioned (to define A and B) as

A B
—sTA|—=sTB |-

As was pointed out above, for an initial test for isomorphism it is convenient to
compare the diagonal elements of the corresponding K. If the diagonals differ in
one or more elements then the graphs are not isomorphic. The diagonal elements
of two graphs which are isomorphs can be permuted so that they correspond.
If these elements are unique then a possible mapping from the vertices of one
graph to those of the other is indicated and may be checked with the help of
the incidence matrix by ensuring that if an edge connects a pair of vertices in
one graph, then there is also an edge connecting the corresponding pair in the
other. This check is necessary because the approach is essentially heuristic, and,
although no example has been found, it is possible that, for an apparently unique
remapping defined by the elements Kj;;, there is no corresponding remapping of
the graph elements.

In the example the diagonal elements of Ky and K5 permuted into descending
order and arranged as elements of vectors with the corresponding vertex numbers
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shown beside them are given by

140 7 5 1407 6

116 | 0 16 | 11

1 68 | 4 1 1 68 | 7
108 | 56 | 2 an 08| 56 | 9
44 | 1 44 | 10

32 | 3 32| 8

respectively. That is, a mappingof (5432 10)to (678910 11 ) is indicated.

Alternatively, using the method suggested by the reviewer, for an initial test for
isomorphism the first column of K; may be compared with successive permuted
columns of K. If there is no match then the graphs are not isomorphs. If there
is a match, then the process is repeated with the second column of K; being
matched to the remaining columns of K5, etc. If the columns of Ky match the
columns of K5 then a possible mapping from the vertices of one graph to those
of the other is indicated. Again it may be checked with the help of the incidence
matrix by ensuring that if an edge connects a pair of vertices in one graph, then
there is also an edge connecting the corresponding pair in the other.

It should be noted that the diagonal element of a column of the original K5
must also occupy a diagonal position when the column is permuted. In the
current example, K1 is %. In searching K5, we may map the first column of
K, only to a column which has a diagonal element, %. In this case, that is the
fourth column of K.

In the example the first column of of K; and successive columns of K5 per-
muted into descending order and arranged as elements of vectors with the cor-

responding vertex numbers shown beside them are given by

140 -
70 | °
1 —5H2
108 50
—46
| —22
and
116 —52 ] 56 140 11
70 44 —46 70 10
1] -52 —34 —28 —52 g
108 26 26 14 50 6
—16 14 8 —46
—4 2 | —4 —22

respectively. That is, a mapping of ( 5 ) to ( 6 ) is indicated. The process is
repeated with successive columns of K until the mapping of (5432 10) to

(678910 11) is obtained.
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2.2 An Ezample of Highly Symmetric Matrices.

The procedure for obtaining a possible mapping of one highly symmetric graph
on to its isomorph can be demonstrated with an example having matrices of the
general form represented by the adjacency matrix

0 0 E F
0 0 F E
ET FT

0
FT ET 0 0.

Here E = %(H +J)and F = %(—H + J) where H is a Hadamard matrix (ie,
a p x p matrix with elements +1 and such that H~1 = Il—)HT), and J is a matrix
of the form ss (ie, with every element unity). The use of Hadamard matrices
is, of course, not essential to the process. This example was chosen for its high
degree of symmetry.

For the example shown in Figure 2.2 (Seberry Wallis[11]) the Hadamard matri-
ces are of order four. For the Laplace matrices, My M{ and My MY (represented
for convenience by Ly and Lj) of these graphs G; and G2, the diagonal elements
of LT (ie K1) and LT (ie K3) are all identical. However, removal of, say, the
Jth row and column from L; and the kth row and column from Ly (the reduced
matrices are represented as Lj and L}, respectively) where the jth node of Gy
is taken to be equivalent to the kth node of G2 will lead to the pseudoinverses
(represented as K] and K) respectively of the reduced matrices with elements
on their diagonals some of which are now distinguishable. After some iterations
of successive removals of pairs of rows and columns from L) and L and their
successors, 1t will be possible to generate a specific mapping using the diagonals
of pseudoinverses of the reduced matrices. The pair of rows and columns to be
removed from the matrices at each iteration is determined by matching diago-
nals of the corresponding pseudoinverses. If, say, (K/);; is a unique match for
(K4)kk, then the equivalent nodes in the original graphs may be matched. If a
group of diagonals in K| has the same value as a group of diagonals in K/, then
at this stage, a match may be made between a node in G; selected from one of
the group of diagonal elements in K] and a node from G5 in the correspond-
ing group of K/. This match will not be arbitrary. Tt relies on the history of
previously matched groups of nodes, as shown in the example below.

If this approach is used and the initial tree roots are maintained throughout
the calculation, (ie, not identified as nodes to be removed until the end of the
calculation), eventually reduced graphs consisting of a string of elements con-
necting the two root nodes will be obtained. Further progress could be made
only by breaking the string. However, the cross identification of nodes in the
strings will be unambiguous. Of course, the process initially tests that the degree
sequences of the graphs are identical.

Where this reduction process is used, care must be taken that the removal
of nodes does not lead to two unconnected subnetworks. A zero pivot during
the calculation of the pseudoinverse will indicate that such a separation of the
network has occurred and that a different match should be chosen. Alternatively,



Figure 2.2: Two Highly Symmetric Graphs
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zero pivots can be used to break up the two graphs into subgraphs, which can
then be treated as separate problems.

For cases of highly symmetric matrices such as these, the method used in
the example 1 of matching columns proved unsatisfactory , where isomorphism
exists. There may be many columns of K/ which match the first column of Kj.
If a match is made with the first such column of K}, it may not be the correct
one. In this case, subsequent removals of rows and columns can and often do
lead to unconnected subnetworks. It is then necessary to traverse through a tree
of different matchings until either a solution is found or it can be shown that
the graphs are not isomorphic.

While it is also possible to generate unconnected subnetworks when matching
diagonals, it occurs less frequently, is detected more readily and is easier to
remedy. For the case of highly symmetric matrices, it is necessary to maintain
a history of the matrix structures and the connecting edges which have been
removed in the reduction process. For this history, a list of all possible matches
to a vertex are needed at each step. As this requires the generation of each
diagonal of K| and K/, the diagonal method proved to more efficient in overall
operations counts.

The negatives of Laplace matrices for the graphs in Figure 2.2 (the negatives
are shown, for convenience in presentation) are shown below.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 -4 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
2 0 —4 0 0 0 0 0 0 1 1 0 0 0 0 1 1
3 0 0 —4 0 0 0 0 0 1 0 0 1 0 1 1 0
4 0 0 0 —-4 O 0 0 0 1 0 1 0 0 1 0 1
5 0 0 0 0 -4 0 0 0 0 0 0 0 1 1 1 1
6 0 0 0 0 0 -4 0 0 0 0 1 1 1 1 0 0
7 0 0 0 0 0 0 -4 0 0 1 1 0 1 0 0 1
8 0 0 0 0 0 0 0 -4 0 1 0 1 1 0 1 0
9 1 1 1 1 0 0 0 0 -4 0 0 0 0 0 0 0
10 1 1 0 0 0 0 1 1 0 -4 0 0 0 0 0 0
11 1 0 0 1 0 1 1 0 0 0 -4 0 0 0 0 0
12 1 0 1 0 0 1 0 1 0 0 0 -4 0 0 0 0
13 0 0 0 0 1 1 1 1 0 0 0 0 -4 0 0 0
14 0 0 1 1 1 1 0 0 0 0 0 0 0 -4 0 0
15 0 1 1 0 1 0 0 1 0 0 0 0 0 0 —4 0
16 0 1 0 1 1 0 1 0 0 0 0 0 0 0 0 -4

All diagonals of the pseudoinverses of these matrices are identical. If the row
and column corresponding to node 1 and those corresponding to node a are
removed, where both 1 and @ are chosen arbitrarily, and might have been any
other pair of nodes, then there are a number of distinct values for the diagonals
of the reduced pseudoinverses. Hence the corresponding nodes may be grouped
into a number of subsets. Thus there are equivalences between:

(2 3 4 6 7 8 )y (¢ e g i k m )

(5 ) (o )2
(9 10 11 12 )3 (b d j 1 )3
(13 14 15 16 ), ( f h n p )
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a b c d e f g h 7 7 k { m n 0 P
a —4 1 0 1 0 0 0 0 0 1 0 1 0 0 0 0
b 1 —4 1 0 0 0 0 0 1 0 0 0 1 0 0 0
c 0 1 —4 1 0 0 0 1 0 0 0 0 0 1 0 0
d 1 0 1 —4 1 0 1 0 0 0 0 0 0 0 0 0
e 0 0 0 1 -4 1 0 0 0 0 0 1 0 1 0 0
f 0 0 0 0 1 -4 1 0 0 0 1 0 0 0 1 0
g 0 0 0 1 0 1 —4 1 0 1 0 0 0 0 0 0
h 0 0 1 0 0 0 1 —4 1 0 0 0 0 0 1 0
7 0 1 0 0 0 0 0 1 —4 1 0 0 0 0 0 1
7 1 0 0 0 0 0 1 0 1 —4 1 0 0 0 0 0
k 0 0 0 0 0 1 0 0 0 1 —4 1 0 0 0 1
{ 1 0 0 0 1 0 0 0 0 0 1 —4 1 0 0 0
m 0 1 0 0 0 0 0 0 0 0 0 1 —4 1 0 1
n 0 0 1 0 1 0 0 0 0 0 0 0 1 -4 1 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 -4 1
P 0 0 0 0 0 0 0 0 1 0 1 0 1 1 —4

For this example it is convenient to use subscripts to show nodes which cor-
respond to particular values of a diagonal element in the pseudoinverse. If one
such diagonal element has a unique value, as does that corresponding to nodes 5
and o in the above matrices, then these nodes correspond in the original graphs.
Where several diagonal elements are the same, the nodes which correspond to
these diagonal values are grouped into bracketed sets identified by a unique
subscript. At this stage, for example, any pair of nodes may be matched from
bracketed sets with the same subscript. At later stages of the algorithm, the
nodes chosen for matching must be checked to ensure that their neighbours
match. For each iteration illustrated below, the nodes are grouped in sets cor-
responding to the current values of the diagonals in the pseudoinverses of the
reduced matrices. The subscripts indicate previous groupings to which each set
has belonged. These in turn are a representation of the adjacency connections
which each node has had. For example, in the iteration below, nodes 11 and 12
could match j, {, f or p as in this iteration all the diagonals corresponding to
these nodes are the same. This is shown by the second subscript /. However,
the first subscripts are different, being 3 for (11 12) and (j {) and 4 for (f p).
This shows that in the previous iteration, 11 and 12 had been connected to at
least one node which had been matched to a node which had been connected to
j and [. This is not the case for f and p.

An arbitrary match is made between nodes 2 and ¢. The rows and columns
corresponding to these nodes are removed. The diagonal equivalences are now:

( 3 4 78 u ( e g i om )

( 6 )2 ( &k o

( 9 10 )33 ( 15 16 )43 ( b d )33 ( h n )43
(11 12 Jaa (13 14 )aa ( 3 U Jsa ( f p )

Removal of the rows and columns corresponding to the match of nodes 6 and &
and the arbitrary pair, say, 3 and e, leads to the next set of equivalences based
on the diagonals of the pseudoinverses:
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m 111

Q

)
)131323 (1)sa3  (f)aaz  (n)azs
)3z (7 )3a4  (h)aza (P )aaa

[l =T

(

(

)34z (14 )4z (15 )43 (
13 1 {

Node 7 could now be matched to node ¢ but this would lead to a disconnected
graph. As will be seen nodes 7 and ¢ are in the chain linked to the tree roots.
Removal of the pair 9 and d leads to the following sets of equivalences:

)
)
14 )
10 azas (13 )aass
11 )aaas (16 )az4s
12 aazr (15 )assr

PN N AN AN N N
o~
i~
w
=
~ . o~ Y g <. Q

Thus there is now a matching
{12345678910111213141516 }to{acegokimdbjlp fnh}.

Using this matching to rearrange the rows and columns of the second Laplacian
matrix leads to the first Laplacian matrix. The detail of the corresponding
remapping of the second graph in Figure 2.2 is not given here as it is not relevant
to the purpose of this paper.

At most this process would require diagonal elements of a further 2(m — 1)
pseudoinverse evaluations of matrices of size m which is decreasing each iteration.

If the tree roots are 16 and p, and they are retained throughout the reduction
process, the graphs will be reduced to the strings { 16713 } and { i p }. Elimi-
nating any pair of nodes which belong to these strings will lead to a discontinuity
in the corresponding graph.

The most computationally intensive part of this process is updating the trian-
gular factors of C~! (ie, AAT + BBT), for which standard algorithms are avail-
able (Bennett[1]). Efficient algorithms for calculating the inverse of a reduced
matrix from the inverse of the current matrix are available (eg, Bennett[1]).
Once the triangular factors of C~! (see (2.2)) have been computed, these (and
those of its successors) can also be updated efficiently (eg, Bennett[1]). These
algorithms can be used to ensure that the removal of a row and column from the
adjacency matrix does not reduce the equivalent graph to one which is discon-
nected. Alternatively, if the removal of a node from each graph were to result
in disconnected subgraphs, recognised by zero pivots, these could in turn be
matched and the process continued with reduced subnetworks.

2.8 The Testing Process.

The process of using the pseudoinverses of a pair of matrices to test for iso-
morphism in the corresponding graphs, and, if they are isomorphic, to obtain a
map from one onto the other may be summarised as follows:

1. Evaluate diagonal elements of Ky and K5. Are both sets the same
after rearrangement in (say) ascending order?
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If no, the graphs are not isomorphic. If yes,

2. Are the diagonal elements unique?

If no, go to step 5. If yes,

3. If (K1);; is the same as (K3)gx does node j in G correspond to node
k in G4, for each pair of diagonal elements, j and k, say?

If no, the graphs are not isomorphic. If yes,

4. TIf the nodes in G; have been mapped to the nodes in G2 and node j
in (G1, say, maps to node r in GGy and node k£ maps to node s, then if
there 1s an edge from j to k, is there a corresponding edge from r to
s for all relevant matched nodes?

(This check ensures that for a mapping defined by the Kj;, there is a
corresponding mapping of the graph elements.)

If no, the graphs are not isomorphic. (This is a check to ensure that
the condition referred to in the third last paragraph in Section 2.1
does not arise.)

If yes, the graphs are isomorphic.

5. If the diagonal elements are not unique, a procedure as described
above in Section 2.2 must be undertaken. This process matches nodes
one at a time, until the reduced graphs are shown not to be isomorphic
or the check described in 4 above can be carried out.

2.4 Ezploiting Structure.

Choosing spanning trees has numerical advantages. Extensive use may be
made of triangular factors (Householder [4]) in improving computational effi-
ciency. As noted in Section 2.1, A is assumed to have been given as a lower
triangular matrix. Hence A~!'G , where G is any matrix, can always be com-
puted by backward substitution without explicit calculation of A=. Most of the
work in computing the diagonal elements of K is in evaluating(2.2) in Section
2.1, the expression for C~1. This calculation can also be arranged to maximise
use of triangular factors.

Trees and complete graphs (ie, graphs in which each vertex is connected to all
other vertices) are special cases leading to certain computational simplifications
which can be used to reduce computations count in graphs which have few
links or are nearly complete. The analysis can be given in much greater detail.
However, as it is very dependent on the properties of the graph, it will not be
developed here.

It should be noted that the abstract notion of a pseudoinverse can be given a
physical interpretation. For example, it can be used to determine currents in an
electrical network.

2.5 Operations Counts.

The number of operations required to compute the diagonal elements of K is,
with no allowance for sparsity, O(mn?). Once the diagonal elements of K for each
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of the two incidence matrices have been computed, the number of comparisons to
determine whether one pseudoinverse is a permutation of the other is, if all the
diagonal elements are unique, O(nlogn). In the case of a near complete graph,
with r being the number of edges needed to complete the graph, or a near tree
with r links, O(rn?) operations may be needed for this calculation. If there
is potential ambiguity or symmetry present, to calculate the relevant elements
of K at a stage with p nodes unmatched may require with no exploitation of
sparsity up to O(pn?) further operations.

3 Conclusions.

An algorithm for testing isomorphism based on the pseudoinverse of the in-
cidence matrix of a graph would seem to offer an effective way of testing for
graph isomorphism. It almost always runs in polynomial time and handles spe-
cial cases efficiently. It is particularly efficient for disproving isomorphism. It
does not require any special properties of the graphs such as planarity and can
be used for directed or undirected graphs. Considerable improvements can be
made to the operations counts by exploiting the sparsity of various parts of the
incidence matrices derived from the graphs.

The test problems described were run in the Mathematica system (Wolfram
[13]) on a Macintosh iix. Mathematica has inbuilt functions for pseudoinverses,
based on eigenvalues. These were used to verify the results.

One of the reviewers has pointed out that although the method did not invoke
step 4 of Section 2.3 to demonstrate nonisomorphism on examples tried by the
reviewer and the authors, more exhaustive testing might do so as the method is
essentially heuristic.
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